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Foreword

Dear Colleagues,

Czech-Japan Seminars on Data Analysis and Decision Making originated by the two
meetings that were held in Ishikawa and Celadna in 1999. These meetings were financially
supported by an international collaborative research project between Czech Republic and
Japan, and were successful in achieving new results in the area of data analysis and
decision making under uncertainty.

For initiating further mutual research cooperation, the seminars were alternatively
organized in the Czech Republic and Japan every year. This year, with the support
by Center of Advanced Information Technology at Aoyama Gakuin University, the 21st

meeting will be taken place at Kamakura in November 2018.

Shao-Chin Sung
Aoyama Gakuin University
Kamakura, November 2018
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Optimal Design of Production Systems

Milan VLACH! and Helena BROZOVA2
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1 ABSTRACT

Consider the standard linear programming model for allocating resources to activities so as to
attain a given economic objective; that is, the problem

maximize cx subject to Az < b and z > 0,

where x is a real (n, 1)-vector of variables, ¢ is a given real (1, n)-vector, b a given real (m, 1)-vector,
and A is a given real (m, n)-matrix. To be more explicit regarding interpretation, we assume that:

e For each activity j, x; is a decision variable the values of which represent the levels of
activity j, and ¢; denotes the payoff (profit) per unit of activity j.

e For each resource 4, b; is the available amount of resource 1.

e For each resource 7 and each activity j, a;; is the amount of resource ¢ required to perform
a unit of activity j.

Milan Zeleny, in a number of papers (see, for example, [3, 4, 5]), proposed and developed a specially
structured linear programming model called (De Novo) optimal system design. In Zeleny’s model,
the components of b are considered, ceteris paribus, to be variables the values of which are restricted
by the condition

pb< B, b>0

where p is a real nonnegative (1, m)-vector whose components are interpreted as the unit prices of
resources, and B is a given positive number representing the total available budget.

To indicate that the components of b are now real variables we change the notation and use
the letter y instead of b. Then the problem of optimal system design can be formulated as that of

maximizing cx + Oy
subject to  Ax — Fy <0,py < B,z >0,y > 0.

It turns out that this specially structured linear programming problem can be solved with the help
of the following continuous knapsack problem:

maximize c¢1x1 + coxo + -+ Cpn
subject to (pA)i1x1 + -+ (pA)px, < B,
r1 20,20 2>0,...,2, >0,

provided all ¢; and all (pA); are positive.
The situation is more complicated when we have to deal with multiple criteria; that is, with
the problem
maximizing Cz + Oy
subject to  Ax — Ey <0,py < B,z >0,y >0,
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where C' is a real (¢, n)-matrix of coefficients of ¢ objective functions. The reason is that it is not
clear what is meant by maximization of ¢ functions.

In this paper we follow our previous results on De Novo approach presented in [2]. First we
briefly recall De Novo methodology both for the single criterion and multiple criteria problems
as proposed by Zeleny, rectify some errors in an alternative solution proposed by Shi [1], and
show how the problem with upper bounds on levels of activities can also be solved by means of
continuous knapsack problem. Then we present examples of adaptation of De Novo approach for
models with both capacity and requirement constraints, where the transformation to continuous
knapsack problem is not possible. However, the so called optimum-path ratio for achieving the
best performance for a given budget B is again applicable.

Acknowledgement
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A Dynamic Programming Approach and Parallel
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Abstract

All-terminal reliability of a given network is a probability where all nodes in the network
are connected. All-terminal reliability is computed for a network where all edges have a
probability. Some algorithms which compute all-terminal reliability are proposed, e.g.
enumerating all connected spanning subgraphs, factoring algorithm etc. In this paper,
we are concerned with the problem of computing all-terminal reliability of network
with uniform probability. This problem is known to be # P-complete. When all edges
have the same reliability, all-terminal reliability of a given network can be obtained
based on the number of connected spanning subgraphs in terms of the number of
edges in those subgraphs. Based on this fact, we propose a dynamic programming
approach for computing all-terminal reliability. Moreover, we have implemented the
proposed approach, and obtained the number of connected spanning subgraphs in terms
of number of edges for all networks with up to 9 vertices. According to this result, the
network with the largest all-terminal reliability among all networks consists of given
numbers of vertices and edges are identified. To reduce computational time, we propose
parallel computing approach for computing all-terminal reliability which is based on the
proposed dynamic programming approach. As well as dynamic programming approach,
we computed all-terminal reliability for all networks with up to 9 vertices by proposed
parallel computing approach. We have implemented this approach with two computers,
and reduced computational time compared to dynamic programming approach.

1

Keywords : All-Terminal Reliability, Dynamic Programming, Parallel Computing
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Abstract

In this paper we focus on a slightly unusual way how to represent Boolean functions,
namely on representations by switch-lists. Given a truth table representation of a
Boolean function f the switch-list representation of f is a list of Boolean vectors from
the truth table which have a different function value than the preceding Boolean vector
in the truth table. The main aim of this paper is to compare switch-list representations
with a number of standard representations (such as CNF, DNF, and OBDD) with
respect to their relative succinctness, and hence to include switch-list representations
in the Knowledge Compilation Map [7].

Keywords: Boolean functions, Knowledge compilation

1 Introduction

A Boolean function on n variables is a mapping from {0,1}" to {0,1}. This concept naturally
appears and is extensively used in many areas of mathematics and computer science. There are
several different ways in which a Boolean function may be represented. Common representations
include truth tables (TT — with 2™ rows where a function value is explicitly given for every binary
vector), list of models (MODS — list of binary vectors on which the function evaluates to 1),
various types of Boolean formulas (including CNF and DNF representations), various types of
binary decision diagrams (BDDs, FBDDs, OBDDs), and Boolean circuits.

The task of transforming one of the representations of a given function f into another repre-
sentation of f (e.g transforming a MODS representation into an OBDD or a circuit into a DNF) is
called knowledge compilation. For a comprehensive review paper on knowledge compilation see [7].
One of the parameters important in knowledge compilation is the succinctness of representations,
which roughly speaking describes, how large the output representation is with respect to the size
of the input representation. Precise definition of this notion will be given later in this text.

In this paper we shall study the succinctness of quite interesting but less usual representations
of Boolean functions, namely the representation by intervals of truepoints and a the closely related
representation by switch-lists. Let f be a Boolean function and let us fix some order of its n
variables. The input binary vectors can be now thought of as binary numbers (with bits in the
prescribed order) ranging form 0 to 2™ — 1. An interval representation is then an abbreviated
TT or MODS representation, where instead of writing out all the input vectors (binary numbers)
with their function values, we write out only those binary numbers x for which f(x) = 1 (z is
a truepoint of f) and simultaneously f(z — 1) = 0 (x — 1 is a falsepoint of f) and those binary
numbers y for which f(y) =1 (y is a truepoint of f) and simultaneously f(y +1) =0 (y+1isa
falsepoint of f). Thus the function is represented by an ordered list of such pairs [z, y] of integers,
each pair specifying one interval of truepoints. Note that x = y for those pairs which represent an
interval with a single truepoint. In this paper we shall use a related representation by switch-lists.
A switch is a vector (binary number) x such that f(z — 1) # f(x). A switch-list is an ordered list
of all switches of a given function. A switch-list of f together with the function value f(0,0,...,0)
forms a switch-list representation of f.

Note here, however, that changing the order of variables may dramatically change the length of
switch-list and interval representations. It is easy to construct functions with a single switch (and
a single truepoint interval) under one permutation of variables and Q(2") switches (and truepoint
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intervals) under another permutation.! Hence the length of the switch-list (and interval) represen-
tation may be O(n) for one permutation of variables and (n2") for another permutation. On the
other hand, there exist Boolean functions (e.g. a parity function), where listing all switches (true-
point intervals) is asymptotically as space consuming as writing out the full truth table regardless
of the chosen variable order.

Interval representation of Boolean functions was introduced in [13], where the input was consid-
ered to be a function represented by a single interval (two n-bit numbers z, y) and the output was a
DNF representing the same Boolean function f on n variables, i.e. a function which is true exactly
on binary vectors (numbers) from the interval [z, y]. This knowledge compilation task originated
from the field of automatic generation of test patterns for hardware verification [12, 10]. In fact,
the paper [13] achieves more than just finding some DNF representation of the input 1-interval
function — it finds in polynomial time the shortest such DNF, where “shortest” means a DNF with
the least number of terms. Thus [13] combines a knowledge compilation problem (transforming an
interval representation into a DNF representation) with a knowledge compression problem (finding
the shortest DNF representation).

In [6] the reverse knowledge compilation problem was considered. Given a DNF, decide whether
it can be represented by a single interval of truepoints with respect to some permutation of vari-
ables (and in the affirmative case output the permutation and the two n-bit numbers defining the
interval). This problem can be easily shown to be co-NP hard in general (it contains tautology
testing for DNF's as a subproblem), but was shown in [6] to be polynomially solvable for “tractable”
classes of DNFs (where “tractable” means that DNF falsifiability can be decided in polynomial
time for the inputs from the given class). The algorithm presented in [6] runs in O(nff(n,£)) time,
where n is the number of variables and ¢ the total number of literals in the input DNF, while
f(n, £) is the time complexity of falsifiability testing on a DNF on at most n variables with at most
¢ total literals. This algorithm serves as a recognition algorithm for 1-interval functions given by
tractable DNFs. This result was later extended in [11] to monotone 2-interval functions, where
an O({) recognition algorithm for the mentioned class was designed. Recently, these results were
further extended to k-interval functions for arbitrary k, where the recognition algorithm runs in
polynomial time in the length of the input formula for any constant &k (the complexity is of course
exponential in k) [5]

Switch list representations have an added advantage over the truepoint intervals representations.
Given a DNF, its logical negation can be represented by a CNF of the same length (and vice versa),
and the transformation is purely mechanical (replace disjunctions by conjunctions, conjunctions
by disjunctions, and negate all literals). Clearly, both the function and its negation have the
same switch-lists and the representations differ only by opposite values of f(0,0,...,0). Thus the
results valid for the DNF language can be easily rewritten into results for the CNF language. This
is not true for interval representations because an interval of truepoints turns into an interval of
falsepoints by negation, and hence the truepoint intervals representations of a function and its
negation differ, and even the number of intervals may be different (although the difference is at
most one).

For this reason, we shall use the switch-list representations throughout this paper. It is not a
limiting assumption in any way: clearly, the list of intervals can be easily compiled from the list
of switches and the function value f(0,0,...,0), and vice versa.

As a final remark let us note that the combination of results from [6] and [13] gives a polynomial
time minimization (optimal compression) algorithm for the class of 1-interval functions given by
tractable DNFs, or in other words, for the 1-interval subclass of functions inside any tractable
class of functions. DNF minimization (optimal compression) is a notoriously hard problem. It
was shown to be Y5-complete [14] when there is no restriction on the input DNF (see also the
review paper [15] for related results). It is also long known that this problem is NP-hard already
for some tractable classes of DNFs — maybe the best known example is the class of Horn DNFs (a
DNF is Horn if every term in it contains at most one negative literal) for which the NP-hardness
was proved in [1, 8] and the same result for cubic Horn DNFs in [3]. There exists a hierarchy of
subclasses of Horn DNFs for which there are polynomial time minimization algorithms, namely
acyclic and quasi-acyclic Horn DNFs [9], and CQ Horn DNFs [2]. There are also few heuristic

IFor instance f(z1,...,Zn) = x1 gives a single interval if x7 is the first variable in the considered permutation
and 2"~ 1 intervals when z; is the last variable (in the latter case every truepoint interval is a singleton as truepoints
and falsepoints alternate regularly).
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minimization algorithms for Horn DNF's [4]. Suppose we are given a Horn DNF. We can test in
polynomial time using the algorithm from [6] whether it represents a 1-interval function and then
(in the affirmative case) use the algorithm from [13] to construct a minimum DNF representing
the same function as the input DNF. Thus we have a minimization algorithm for 1-interval Horn
DNFs. It is an interesting research question in what relation (with respect to inclusion) is this
class with respect to the already known hierarchy of polynomial time compressible subclasses of
Horn DNFs (acyclic Horn, quasi-acyclic Horn, and CQ-Horn DNFs).

The paper is organized as follows. In the next section we shall introduce the necessary ter-
minology and notation, and define the propositional languages studied in this paper. The main
section that follows contains the succinctness results for the defined languages. We finish the paper
with few concluding remarks.

2 Definitions and notation

A Boolean function, or a function in short, in n propositional variables is a mapping f : {0,1}" —
{0,1}, where = € {0,1}" is called a Boolean vector (a vector in short). A function f in n variables
can be represented by a truth table, which is a list of all 2™ vectors together with their function
values. Rather then listing all vectors, one can list only models of f (all vectors z for which f(z) =1
). The language of all such representations of all Boolean functions is called MODS, and each
list of models for a particular function is called a sentence of the MODS language. Similarly we
can consider sentences of non-models (all vectors x for which f(z) = 0 ) which define the language
—MODS used in this paper for symmetry purposes.

Propositional variables 1, s, ... and their negations Ty, T, . . . are called literals (positive and
negative literals respectively). An elementary conjunction of literals

T:/\J)i/\/\fj (1)

iel jeJ

is called a term, if every propositional variable appears in it at most once, i.e. if INJ = 0. A
disjunctive normal form (or DNF) is a disjunction of terms. Similarly, an elementary disjunction

of literals
C= \/ x; V \/ Z; (2)
il jed
is called a clause, if every propositional variable appears in it at most once, i.e. if INJ = (. A
conjunctive normal form (or CNF) is a conjunction of clauses.

It is a well known fact, that every Boolean function can be represented by DNFs and CNFs
(typically by many different ones). By DNF we shall denote the propositional language of all DNFs
(of all functions), and similarly CNF shall denote the language of all CNFs. Each individual DNF
(or CNF respectively) is then called a sentence of the DNF (or CNF respectively) language.

A Binary Decision Diagram (BDD) is a rooted directed graph with two terminals labeled 0 and
1. Each non-terminal node is a decision node with exactly two outgoing edges. Each decision node
corresponds to a propositional variable and the two outgoing edges correspond to the assignments
of 0 and 1 to this variable. Each directed path from the root to a terminal thus corresponds to
a (possibly partial) assignment of truth values to variables and the terminal specifies the function
value for such an assignment. Let < be a total order on the set P.S of all propositional variables
(we assume this set to be denumerable). An Ordered Binary Decision Diagram (OBDD) with
respect to < is a BDD such that on every path from the root to a terminal no two decision nodes
correspond to the same variable and moreover every such path respects the prescribed order <.
The second condition means that there does not exist a directed path p from the root to a terminal
and two variables x < y, such that the decision node corresponding to y precedes the decision node
corresponding to x on path p. All OBDDs with respect to < form the language OBDD_ and the
language OBDD is defined as the union of OBDD_ languages over all total orders on the set
PS.

Now we are ready to define the two principal languages of this paper. Again, let < be a total
order on the set PS of all propositional variables, let X be a subset of PS of size n, and let f
be a function on variables from X. Consider vector z € {0,1}" where the bits of = correspond to
the variables of X in the prescribed order <. Each such vector x can be in natural way identified
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with a binary number from [0,2" — 1], so for every > 0 the vector  — 1 is well defined. We
call z € {0,1}"™ a switch of f with respect to order <, if f(z — 1) # f(x). The list of all switches
of f with respect to < is called the switch-list of f with respect to <. The switch-list of f with
respect to < together with the function value f(0) is called the switch-list representation of f with
respect to <. The set of switch-list representations with respect to < (of all functions ) forms the
propositional language SL.. Finally, the language SL is the union of SL_ languages over all total
orders on the set PS.

Two sentences (possibly from two different propositional languages) are called logically equiva-
lent if they represent the same function. Now we are ready to define the most important concept
of this paper.

Definition 1 A propositional language L is at least as succinct as another propositional language
K, denoted L < K, if and only if there exists a polynomial p such that for every sentence a € L
there exists a logically equivalent sentence B € K such that || < p(|a|) (where the size of the
sentence is the number of bits necessary to encode it). If L < K holds and K < L does not
(denoted K £ L), we write L < K.

The following diagram summarizing the succinctness relations of many commonly used propo-
sitional languages appeared in [7]).

NNF

DNNF |

d-DNNF

Figure 1: The diagram of succinctness relations taken from [7]. For symmetry reasons the language
—MODS was added into the diagram. Each directed arc A — B means that A is strictly more
succinct than B, i.e. A < B.

The main aim of this paper is to add the languages SL. and SL into the framed part of the
diagram in Figure 1 and establish the succinctness relations to the languages already presented
there. This goal is achieved in the next section.

3 Succinctness of switch list representations

In this section we prove the succinctness relations for SL. and SL languages described in Figure 2.
We will use one subsection for each relation, the numbering of the subsections corresponds to the
arrow numbers in Figure 2.

3.1 SL < SL.

This is the most obvious of the relations in Figure 2. The inequality SL < SL_ follows from the
fact that the language SL. is a subset of the language SL. To show that SL. £ SL let us consider
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Figure 2: Solid arrows correspond to strict succinctness results, dashed lines to incomparability
results, and dotted lines to known strict succinctness relations from Figure 1 which do not follow
from transitivity using the solid arrows.

function f(x1,...,2n,y) =y and two orders of its variables <; and <o where y <1 &1 <1 ... <1 2,
and x1 <9 ... <g x, <9 y. Clearly, the SL representation of f with respect to <; has a single
switch (all falsepoints precede all truepoints) while the SL representation of f with respect to <s
has 2"*! switches (falsepoints and truepoints alternate, so every vector is a switch). Thus the SL
representation of f in the language SL., is exponentially larger than the SL representation of f
with respect to <7 in the language SL. This simple example is not fully satisfactory, because f does

not depend on variables z1,...,x, and so f(z1,...,2,,y) = f(y) is in fact a function in just one
variable (and of course the exponential blowup disappears). This can be easily fixed by switching
one falsepoint of f into a truepoint and considering f(z1,...,2,y) =y V (Aj—; 1, .., 2y). This

function now depends on all n+1 variables, still has a single switch with respect to <; (we switched
the last falsepoint with respect to <; to a truepoint, so all falsepoints still precede all truepoints),
and still has exponential many switches with respect to <5 (only the last two switches with respect
to <o disappeared).

3.2 OBDD. < SL. and OBDD < SL

It is easy to see that SL. £ OBDD_. and SL £ OBDD. A good example is the parity function
on n variables which is symmetric, and thus changing the order imposed on the set of propositional
variables changes neither the minimum size OBDD nor the minimum size SL representation (and
therefore this example works both for the ordered and unordered case). The parity function is well
known to have an OBDD of linear size in n, while the number of switches in any SL representation
is exponential in n. The last fact follows e.g. from an easy observation that every second vector in
the truth table that corresponds to an even number changes its parity when the last bit is flipped
from 0 to 1 to get the next odd number. Thus every vector which corresponds to an odd number
is a switch, and therefore the parity function has Q(2") switches.

Now we shall prove OBDD_ < SL_. and OBDD < SL by taking an arbitrary SL representa-
tion of an arbitrary function f and constructing from it an equivalent OBDD representation with
respect to the same order of variables. The idea behind the construction is quite simple. Fix the
order of variables of the given function f, say x1, o, ..., z,. Consider the complete binary decision
tree of f which branches in the prescribed order, i.e. a tree with n levels of decision nodes and 2"
function values on level n + 1. Replace all function values with just two terminals 0 and 1, that is,
connect the outgoing edges from the decision nodes that branch on the value of x,, directly to these
two terminals. Then start a bottom-up process of eliminating redundant decision nodes. In this
process, every decision node with both outgoing edges leading to the same terminal ¢ is deleted
and replaced by an edge from its parent node to the terminal ¢. This process obviously stops with
an OBDD that represents f and all decision nodes in this OBDD form a binary tree. What is the
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size of this OBDD? Consider the leaf decision nodes, that is decision nodes with both outgoing
edges going to terminals. Obviously, for every leaf node these two edges necessarily go to different
terminals (otherwise the node would have been eliminated) and so the path from the root to any
leaf node encodes a prefix of some switch of f. Moreover, by the definition of a leaf node, no two
leaf nodes can encode a prefix of the same switch, so the number of leaf nodes is upper bounded
by the number of switches. It follows that the number of decision nodes in the constructed OBDD
is at most n times the number of leaf nodes, which is at most n times the number of switches,
which is exactly the size of the input switch-list representation (each switch is a vector of length
n). Therefore the constructed OBDD has a linear size with respect to the size of the input SL
representation.

The above considerations suffice for a proof of an existence of a linear size OBDD equivalent
to the input SL representation. However, if we want to obtain also a polynomial time compilation
procedure that constructs the output OBDD, we have to avoid building the exponentially large
decision tree to start with. This can be easily avoided by building the output OBDD from top to
bottom rather than bottom-up. We start by creating both terminal nodes, the root node, assigning
the interval [0,2™ — 1] and variable x; to the root node, and inserting the root node into a queue.
Then we start processing the nodes from the queue in the following manner. Extract the first node
v with an assigned interval [a,b] and a variable x, from the queue. Scan the input switch-list until
one of the following two situations occurs:

1. (Non-constatnt interval) Switch = in the switch-list is found, such that, if interpreted as a
binary number, a < x < b holds. In this case construct two children nodes vy, vg of v, assign
variable x;41 to both vy, and vg, and assign interval [a, (a + b+ 1)/2 — 1] (the left half of
[a,b]) to vy, and interval [(a + b+ 1)/2,b] (the right half of [a,b]) to vg (a is always even,
b is always odd, and the length of [a,b] is always a power of 2, so there are no issues with
rounding). Insert vz and vy to the end of the queue.

2. (Constatnt interval) Two consecutive switches x,y in the switch-list are found, such that, if
interpreted as binary numbers, x < a and b < y hold. This means that there is no switch in
the interval [a + 1, ] and hence all vectors in the interval [a, b] share the function value of .
So node v can be deleted from the tree of decision nodes and replaced by an edge from the
parent node of v to the terminal f(z).

The procedure stops when the queue is empty and constructs exactly the same OBDD as the
bottom-up procedure described in the previous paragraph. The work per decision node is linear in
the size of the input switch list (we scan the switch-list once per node), so the overall complexity
of the compilation procedure is at most quadratic in the size of the input switch list2.

3.3 CNF < SL and DNF < SL

Let us start by proving DNF < SL. It was shown in [13] that any l-interval function (i.e. any
function with at most two switches) on n variables can be represented by a DNF with at most
2n —4 terms. Obviously, the output DNF has a size which is at most quadratic in n and hence also
at most quadratic in the size of the input SL representation (two vectors of length n). Now assume
we have SL representation of function f with k switches on the input, which means that f has
|k/2] or |k/2] + 1 truepoint intervals (depending on the parity of k and the function value £(0)).
Let us construct a DNF representation for each interval using the algorithm from [13]. Obviously,
the disjunction of these DNFs represents f and the size of this aggregated DNF is O(kn?) while
the size of the input is O(kn).

Now let us show CNF < SL. Starting with SL representation of a function f with k switches we
can turn it in a constant time into SL representation of = f by negating the value of f(0) and keeping
the switch-list unchanged. Both SL representations have size O(kn). Using the construction from
the previous paragraph, we get a DNF of —f of size O(kn?). This DNF can be switched in O(kn?)
time into a CNF of the same size which represents f (by mechanically applying de Morgan rules

2In fact, since the tree is built in a BFS manner level by level, the procedure can be modified to restart the scan
of the switch list from the beginning only once per level, improving the complexity upper bound to n times the size
of the input switch list. Using a smarter data structures which for each decision node define not only the relevant
interval of binary numbers but also the relevant interval in the switch-list, the overall complexity can be brought
further down to linear time complexity by eliminating the factor n.
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to propagatie the negation on the outside of the DNF formula towards the literals, which changes
the DNF into a CNF). This finishes the construction.

In order to prove S £ DNF we shall assume by contradiction that SL < DNF. Note,
that by the transitivity of succinctness relations and the above proved relation CNF < SL we
obtain from the assumption that CNF < DNF, which is known not to be true (see e.g. [7] for
a counterexample). The proof of SL £ CNF proceeds in a completely similar way, only the
languages CNF and DNF exchange their roles.

3.4 SL. < MODS and SL. < -MODS

Consider the function f(z1,...,2n,y) =y V (Aj=; #1,...,%,) from Section 3.1. It depends on all
n + 1 variables, has a single switch with respect to order y < z; < ... < z, of the variables, and
has 2771 +1 truepoints (models) and 2"+! —1 falsepoints (non-models). This proves MODS £ SL
and “-MODS « SL.

The relations SL. < MODS and SL. < -MODS are more or less obvious. Indeed, there
can be at most twice as many switches as truepoints (models) and symmetrically also at most
twice as many switches as falsepoints (non-models) as any switch can be identified with a pair of
consecutive vectors with opposite function values.

3.5 SL is incomparable with both PI and IP

First we prove SL £ IP and SL £ PI. Let us proceed by contradiction assuming SL < IP
(SL < PI respectively). This assumption together with the relation OBDD < SL proved in
Section 3.2 implies OBDD < IP (OBDD < PI respectively). However, both these relations are
known to be false, see e.g. [7] for counterexamples.

Now we shall show PI £ SL. Let us consider function f on 2n variables x1,...,Tn, Y1, .-, Yn
defined as follows. The truepoints (models) of f are the vectors {v;|i = 1,...,n} where v; assigns
only variables z; and y; to 1, and all other variables to 0. Thus f has exactly n models, and the
size of its SL representation is O(n?) (2n switches each of size 2n). Now for an arbitrary subset
of indices S C 1,...,n, let us define a clause C's = (V;c52i V V;g5¥i). We shall show that for
every S, Cg is a prime implicate of f, and therefore f has at least 2™ prime implicates, showing
the claim.

Take an arbitrary model v; of f which by definition satisfies both x; and y;. No matter how S
was selected, either x; or y; appears in Cg satisfying it. Thus Cg is an implicate of f. Now take
an arbitrary proper subclause C' of C's. By the definition of C' there is an index i such that neither
x; nor y; appear in C. That means that the model v; of f falsifies C'; which implies that C' is not
an implicate of f. Thus Cg is prime.

Note, that the above constructed function f also shows PI £ MODS answering the long
standing open problem from [7] (stated as a question mark in Table 3 on page 237).

It remains to show IP £ SL. This relation is more or less a consequence of PI £ SL due
to the duality between CNFs and prime implicates on one hand and DNFs and prime implicants
on the other hand. Consider the negation of the function from the previous proof. Obviously, SL
representation of — f has exactly the same size as the SL representation of f. Vectors {v;|i = 1,...,n}
are now the only falsepoints (non-models) of —f and for every S C 1,...,n, we can show that the
term Ts = (\;cg ﬂxi/\/\igs —y;) is a prime implicant of = f. So = f has at least 2" prime implicants,
showing the claim.

Take an arbitrary non-model v; of —f which by definition falsifies both —z; and —y;. No matter
how S was selected, either —x; or —y; appears in Ty falsifying it. Thus Ts is an implicant of —f.
Now take an arbitrary proper subterm T of Ts. By the definition of T there is an index i such
that neither —x; nor —y; appear in T. That means that the non-model v; of —f satisfies T', which
implies that T is not an implicant of =f. Thus Ts is prime.

4 Conclusions
The main aim of this paper is to include the languages SL. and SL into the Knowledge Compilation

Map [7] with respect to their relative succinctness compared to the languages already considered
there. This goal is achieved with only one open problem remaining, namely the relation between
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the languages OBDD_. and SL. We conjecture that OBDD_. < SL. Clearly SL £ OBDD_
as the same proof using the parity function from Section 3.2 works also in this case. However,
OBDD. < SL requires a (probably non-trivial) proof (if our conjecture is correct).
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Abstract

Many network systems have been applied extensively in the real world, for example, Internet,
power network and traffic network. For these network systems, high reliability is required. Inde-
pendently, costs may occur for the construction or maintenance of edges (links) in the networks. In
this study, we consider a bi-objective network design problem with two objectives of maximizing
all-terminal reliability and minimizing construction/maintenance costs of edges. In general, there
is the trade-off relation between these objectives, and it is difficult to optimize these objectives
simultaneously. Therefore, the meaning of solving the problem with bi-objectives is to find the set
of all Pareto solutions.

On the other hand, the problem of evaluating all-terminal reliability of a given network is computa-
tionally intractable, which implies that our bi-objective network design problem is computationally
intractable as well. Hence, it is reasonable to switch our goal to find a set of quasi-Pareto solutions,
i.e., a set of non-dominated “good” solutions in terms of our two objectives. Our goal is achieved by
developing an algorithm based on genetic algorithm, which produce a set of quasi-Pareto solutions.
In order to generate quasi-Pareto solutions which are close to Pareto solutions in the solution space,
we focus on distribution properties of Pareto solutions and topological characteristics of networks.
In the GA procedure, these properties of Pareto solutions are adopted to selection operation and
crossover operation. Moreover, we conduct numerical experiments, and the effectiveness of our
proposed algorithm is evaluated in terms of the robustness of the quasi-Pareto solutions.
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Abstract

We are concerned with the existence of stable partitions for additive hedonic games in
the situation that individually rational (IR) is imposed. IR requires that each player
weakly prefers her coalition to being alone, i.e., IR is very simpler concept. For some
important stability concepts, including Nash stability, individually stability, core stabil-
ity, strictly core stability, each of these stability concepts implies IR. In general, for each
instance, the partition consisting of all singletons of each player (singletons’ partition)
satisfies IR, i.e., IR partition always exists. However, instances for which singletons’
partition is Nash stable are trivial instances when the existence problems w.r.t. Nash
stability is under consideration. In our study, we show that checking the existence of
IR partitions without singletons’ partitions for additive hedonic games is NP-complete.
Hence, the essential of the hardness that checking the existence of Nash stable partitions
is verifying the existence of IR partitions. On the other hands, each of contractually
stability concepts, including contractually Nash stability, (weak) contractually individ-
ual stability, contractually core stability, contractually strict core stability, does not
imply TR. Without CN stability, it is known that the existences of corresponding sta-
ble partitions which satisfy IR are guaranteed. In our study, we show that checking
the existence of CN stable and IR partitions for additive hedonic games is NP-complete.

Keywords: Hedonic Games, Additive Preferences, Individually Rational
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Abstract

Introduction A computer simulation of effective positioning of firing elements is pre-
sented in this paper. Agent based modeling is used for the creation of an expert tool
which can be used for decision making during the process of the effective positioning
of resources.

Aim The aim of this research is to create an expert tool which, based on the information
about the environment from GIS data, the available resources in the form of anti-air
elements, and expected air-strike routes, find suitable positions for the anti-air elements
on the given map.

Methods Agent based simulation has been used for the creation of the software. Each
anti-air element, defended object, and aircraft, is modeled as an autonomous agent. A
line of sight algorithm, a flight height algorithm, and the secant method, is used during
the computation of the firing of the anti-air elements.

Results Simulation enables testing different strategies for the positioning of anti-air
elements. This tool can be used to load the data about a given environment, set the
available resources and predicted air strike routes, and then, based on the simulation,
determine the optimal positioning of the given resources. The whole process is pre-
sented in an experiment.

Keywords: ABM, Air defense, Simulation, Agent-based modeling, Military simula-
tion

1 Introduction

Choosing an optimal strategy in a limited time is a typical problem in real life situations. Experts
use their experience for the decision making and try to choose the best solution from a given set of
possible solutions. [1, 2, 3, 4] Such a process can be very difficult if the set of all possible solutions
is large. In many situations it is not possible to think about all the connections and dependencies
in a given system. The width of the range of solutions to be considered depends on the knowledge
and experience of the expert. In some situations, it is necessary to make a decision in a very short
time, and it is not possible to find an optimal solution but only to find one which is good enough
for dealing with the situation.

Computer models enable simulating different scenarios and evolutions of a system by testing
many or all possible combinations of parameters which affect the behavior of a system in a very
short time. Repeating the same experiment helps to investigate the effect of randomness on the
system. One type of computer modeling is agent-based modeling (ABM), where each entity of the
modeled system is an autonomous agent. In such a model it is possible to study emerging effects,
i.e., how the simple behavior of one agent on the micro-level can affect the behavior of the whole
system on the macro-level.

This paper presents an expert system which helps in the decision making process of the place-
ment of anti-air elements. In cooperation with experts from the military, there has been created
a model of an air-strike on defended objects. The defended objects are located in an environment
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which is loaded from GIS data. Every place on Earth can be used in the simulation if the GIS
data about the terrain are available. The possible sizes and directions of an attack are set by the
user during the setup of the simulation. The last step is to choose the available resources which
can be placed in the area. Different parameters about the air-strike and the characteristics of the
anti-air elements can be set or loaded from a file.

The simulation tries different positions for the anti-aircraft elements, based on the selected
strategy. After several simulation runs, the most successful placements are selected and presented
to the user.

This paper is structured as follows: The problem definition as well as a review of the related
literature is in Section 2. The model description is in Section 3. A case study and an experiment
can be found in Section 4. The conclusions are presented in Section 5.

2 Problem definition and related work

The problem studied is from the field of military decision making. The aim of the tool created
is to support the military commander during the process of deciding where to place anti-aircraft
elements. This tool should help determine the optimal placement in a given situation. There are
different parameters which have to be taken into account, such as the speed, the weapon load,
and the position of the aircraft. For the anti-aircraft elements, one must observe their locations,
ranges, and type of weapon with their loading times and accuracy. That is why an agent-based
approach has been chosen for the model, where each entity is modeled as an autonomous agent.

Agent-based simulation can be used for modeling various systems, including military systems.
There are models of command and control such as [5] to determine the most critical tasks at the
company level. Military applications of agent-based simulations can be found in [6]. In the research
described in this paper, agent-based simulation has been used for a decision support system for
the military commander.

Decision support systems are created together with experts and enable using their knowledge
in a given problem. Such a system can be used without direct communication with an expert.
These systems can be used also in the military to help the commander’s decisions [7, 8].

3 Model description

The design of the model logic is based on the information obtained from consulting military experts.
The purpose of the model is to analyze the possibilities for the effective positioning of firing elements
in a given geographic environment and to analyze the different flight scenarios of the aircraft. The
aim is to get a better distribution of defense resources, which means comparing the added values of
a new firing element with its cost in service. In a crisis situation, thanks to the knowledge gained
from the model, faster and better decision making can occur.

The model simulates a direct attack of airplanes on a defended object in a selected geographic
environment that can be created from GIS data. The environment is created from altitude data
where the terrain contains inequalities affecting other agents. The environment has a major impact
on the ability to fire on enemy elements. The firing elements, aircraft, and defended objects can
be placed in the environment. The firing elements are immobile during the simulation and have
full information about the positions of all aircraft. This is due to continuity with previous work of
the authors [9] dealing with the placement of a radar system for the detection of aircraft.

3.1 Line of sight algorithm

In this model, the influence of the terrain is included in the simulations. The firing elements and
aircraft can shoot at their target, but only if there is nothing in the way along the trajectory of
the missiles. The line of sight algorithm [10] can calculate whether all elevation values between
the shooting object and the target are lower than the values obtained from a linear function of the
objects’ coordinates. A similar method was used in the authors’ previous work [9], where linear
interpolation was not used to determine the approximate height between two known points, but
only a nearest point for a visibility algorithm.
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3.2 Secant method

Unlike aircraft, firing elements shoot their missiles at a moving target. Therefore it is important
to find the right moment for shooting, taking into account the different flight times of the missile
and the aircraft.

The secant method is used for this. It is shown in Fig. 1, where there is a red airplane (A)
with its direct trajectory and a blue firing element (FE) with its firing range. The green points
represent the places where the missile can hit a target if the previous missile failed (points 1-6).
The resulting gaps between these points are due to the charging time and the time required to
reach the striking point. The distance of the aircraft from the first point of a strike is denoted
by d,, and that of the missile by d,,. The speed of the aircraft is v, and that of the misisle is
Um, while t represents the time of the motion. In this case, v, < v,,, which means that d, < d,,.
The number of iterations is set to a maximal value of 40 or until the accuracy of the result is
satisfactory.

Figure 1: Firing situation (top view)

3.3 Flight height trajectory algorithm

This method is used to compute the aircraft movement over the terrain. The firing element and
the defended object have a static position in the environment. The model simulates a direct flight,
so the airplane performs a movement that changes only the height of the flight as they fly over the
terrain. This represents a possible attack on the defended object where the goal of the attack is a
quick destruction of the object of interest. Due to the characteristics of this movement, the route
is determined as the agent is initialized and is changed when the defended object is destroyed and
it is possible to destroy another one.

During the model initialization, the airplane’s trajectory is created in several phases. In the
first phase, the points at a constant altitude above the terrain in the direction of flight are obtained
as the linear intersections of two neighboring elevation points. If the trajectory passes directly by
the altitude point, the height above this point is used. In the next phase, adjustments are made
to keep the trajectory smooth. This models the impossibility of the aircraft’s rapidly changing its
flight elevation. First, three consecutive points are selected. If the middle point is below the two
border points, it is raised to the average of the heights of these points. If the midpoint is above,
the extreme points are raised only if the airplane ascends or falls below at too high an angle, which
is impossible in a real situation.

The other adjustment is to scroll through pairs. Only the second points that are lower than the
first point are raised by more than the maximum height difference. Then this is performed again
in the reverse order, where the points begin to be tested from the last point to the first. This has
less asymptotic complexity than using this approach in one direction with backtracking. Fig. 2
shows the optimization progress of the algorithm. The first three pictures describe each step of
progression and the last one is the result after 5 repetitions. The number of iterations depends on
the previous result and the size of the differences from the new one.
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Figure 2: Flight height trajectory algorithm (side view)

3.4 Firing algorithm

Three firing algorithms determining the priority of a target selection have been created for defensive
firing elements. The first one selects priority targets that will reach the defended object in the
shortest possible time. Logic of this algorithm is simple — its goal is to destroy nearest threat to
the defended object. It is not taking into account the number of other possible threats. During
this strategy missiles are fired in the shortest possible given by reloading speed. Target is changed
only if the aircraft is destroyed or any other aircraft gets closer to the defended object.

The second algorithm considers number of missiles which have been shot and are currently
approaching to the target. Primary the aircraft which is closest to the defended object is selected
and missile is fired. After the reloading time, second nearest airplane is selected as a target. If
there is at least one rocket approaching to each aircraft, selection of targets starts from beginning —
nearest plane is selected and a second rocket is fired. This round-style process continues until any
of missiles miss its target — in such a case, missile is fired on the airplane on which fewer number
of rocket are targeted.

These two algorithms have the common feature — whenever there is at least one target that can
be shot (the airplane is not hidden behind the terrain), it launches the missile. This may cause
more than one missile at a time to fly towards the airplane. The last algorithm is the modification
of the second algorithm which selects as a target aircraft which is the nearest to the defended
object and none or less rockets are approaching towards it. It shoots only one missile on each
airplane. This simulates the scenario where saving resources (ammunition) is a priority. If the
target is hit, no further rockets are needed and in another case, a new missile is fired.

3.5 Agents’ parameters

There are three main types of agents: 1) Aircraft, 2) Anti-aircraft elements, 3) Defended objects.
The most important parameters of these entities are:

e Aircraft: speed, firing distance, reload time, current ammo amount, missile speed, missile
hit percentage.

e Anti-aircraft element: fire radius, reload time, current ammo amount, missile speed,
missile hit percentage.

e Defended object has only one parameter, containing the information of whether it has
been destroyed or not.

Czech-Japan Seminar 2018

17



18

3.6 Firing elements positioning

User, mostly military commander, chooses the possible areas where can be firing elements placed.
It might be a whole map or just selected areas. These areas are sliced into given number of
squares. The highest place in the given square is chosen as an optimal place for placement of an
anti-aircraft element. Number and parameters of available resources — anti-aircraft elements — are
selected. Based on the simulation results, the optimal placement of these resources are showed.
The optimal placement means selected squares which should be used for a placement of an anti-
aircraft elements. Results are given in tables as well as graphical interpretations. The percentage
of shot-down aircraft and the success rate of defense is displayed.

4 Case study

The algorithm has been tested in a situation where the location of the protected object and firing
element has been selected by the expert. The testing area has been selected to demonstrate
an environment with mountains and lowlands, and is represented by an altitude map containing
250x250 points where each side of the area has length 50 km. The defended object and the firing
element are located on the surface of the terrain; the airplanes are located above the terrain at a
flying height level.

4.1 Experiment

The purpose of this experiment is to find information about the suitability of various positionings
of the firing elements. There is an option to choose between several categories of aircraft, with
different optional values of parameters like speed, flying height, etc. In the same way, there are
several categories of the firing elements. Based on the selected number of firing elements, variation
without repetition is used to assemble all options of positioning. For each combination of positions,
the simulation is triggered multiple times, depending on the selected iteration value.

4.2 Results

The results of the experiment are illustrated in Fig. 3, which shows the success rate of defending
the objects and of aircraft shot down. It is clear that the most successful position, number 4, does
not have the most aircraft shot down: rather, with this positioning, the object of interest has been
most often defended. The firing element located at position 15 destroyed the most airplanes but
failed to protect the defended object. This means that the element destroyed the aircraft too late,
at a time when the airplane had managed to fire at the defended object and destroy it. This can
be seen on all four positionings that are nearest to the defended object. From position 13, the
firing element could not shoot down any airplanes, and situations where the defended object was
not destroyed occurred only when all missiles missed the target.

Fig. 4(a) shows the best positions in each segment. In this segment, the highest height value
is chosen to place a firing element. Fig. 4(b) corresponds with the best positioning after the
experimentation.

5 Conclusion

A tool for decision making support has been introduced in this paper. The presented software
can be used during the decision making process about the positioning of firing elements in a
given environment. Based on the results of simulations, the most suitable places for anti-aircraft
firing elements are chosen. The final decision is still with the commander, but the results of this
computational process can significantly help with making the decision.

Any place on Earth can be loaded into the simulation by uploading GIS data about the terrain
height. Different sizes and directions of attacks can be tested and evaluated. The tool can be used
by military commanders as a decision support system for testing different scenarios and finding
the optimal positioning of anti-aircraft elements.

The model can be further extended, for example, simulation with more accurate characteriza-
tion of missiles whose speed will not have a linear course over time. Additionally, the possibility
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of attacks may be extended, where airplanes for the elimination of the firing elements may be
present. Moreover, it is envisaged to create a model combining the knowledge gained from this
model with a model containing elements detecting the airplane. There might be a direct coopera-
tion and communication between aircrafts, or a central command center may be created to mediate
communication between these individual elements.
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1 Introduction

An assignment problem is a situation where buyers and sellers in a market aim to make profits
by trading with each other. Assignment problems have been studied in terms of cooperative game
theory [1, 2], in order to prescribe players’ payoffs when their cooperation is assumed and the
profit of the whole market is maximized. Cooperative games derived from assignment problems
are called assignment games.

Consider the situation where a doubles tennis tournament will be held. Suppose that we can
(probabilistically) estimate how much the prize money is earned by each pair of players. Then,
we have the question that with whom each player will pair for the doubles tournament. Also,
how will each player and his/her partner distribute the prize money they got? Since there is no
distinction of two player groups such as buyers and sellers, this problem can not be dealt with
as assignment games, which is considered on bipartite graphs. Hence, in this paper, we consider
assignment games on complete graphs. Assignment games on complete graphs are closely related
to matching games [3] and one-sided assignment problems [4].

Unlike the conventional assignment games, those on complete graphs can have empty core. In
order to provide rational solutions for the assignment games with empty core, we propose gener-
alizations of the core solution by applying minimum negotiation sets, proposed by Gonzalez and
Grabisch [5], to the assignment games. Moreover, we investigate on properties of the generalized
core solutions.

2 Preliminaries

2.1 Cooperative Games and Minimum Negotiation Sets

A transferable utility game (TU game) is defined by a pair (N, v), where the set N = {1,2,...,n}
is a finite player set and v: 2V — R with v((J) = 0 is a characteristic function. Every nonempty
subset S € N is called a coalition, and v(S) means the value that S gains autonomously. N is
called the grand coalition. We will denote by GV the set of all games over N.

Cooperative game theory has been studied on how to divide the value of the grand coalition
among all players. Such an allocation method is called a solution. We say x = (2;);en € RN a
payoff vector, where each z; is a payoff of player i. Solutions which give one payoff vector for each
game are called one-point, otherwise those which give a set of payoff vectors are called set-valued.

The core is one of the most popular set-valued solutions, which is defined by

Cv) ={ze RY | 2(S) = v(S) for ¥S € N, z(N) = v(N)},

where z(S) is the aggregated payoff of a nonempty set S, that is 2(S) = >, _¢ ;. For the empty
set, we define z(&¥) = 0.

2.2 k-additive Core and Minimum Negotiation sets

To discuss rational solutions for games with the empty core, Miranda and Grabisch [6] have pro-
posed a generalization of the core called k-additive core. They call vectors on the power set of N
generalized payoff vectors. The k-additive core assigns generalized payoff vectors to each game.
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Definition 1. [6] Given v € GV. The k-additive core of v, denoted by CF(v), is given by

N Z xr = v(S) for VS < N, Z xg =v(N)
CFv) ={zeR* M} | 7cs SCN
zg =0forVSC N, |S]| >k

Not that x is a 2"~ !-dimensional vector. For any S < N such that |S| > k, the element zg of
a generalized payoff in the k-additive core is vanished. Every payoff vector in the k-additive core
satisfies the same rationality of the core. Unlike the core, the k-additive core is always nonempty [6].

When building a solution from the k-additive core, there could be a conflict between the agents
of a coalition S on how the payment of xs made by the k-additive core will be allocated to each
player. The more there are coalitions S with high amounts |zg|, the more the solution x involves
negotiation among the agents in S. Gonzalez and Grabisch [5] have introduced minimum negoti-
ation sets to select those solutions in the k-additive core which involve the “fewest” negotiation.
The minimum negotiation set is defined as follows.

Let 2 < k < n be fixed and | - | be a symetric norm on R?". The minimum negotiation set is
defined by the set of optimums of the following nonlinear program:

minimize |(7s)scn, |s)=2/ subject to x € Ck(v). (1)
xr

3 Assignment Games on Complete Graphs

In the previous work, assignment games on complete “bipartite” graphs have been studied. In this
paper, we consider assignment games on complete graphs.

First, we introduce graphs and related notions. We consider a graph (V, E), where V is a vertex
set and E < {(4,5) | 4,5 € V,i # j} is an edge set. Any graph appear in this paper is undirected,
that is we identify edges (4, j) and (j,7). In particular, the graph that every pair of distinct vertices
is connected is called complete, and (V, Ey) denotes the complete graph. A matching of a graph
(V,E) in an edge set u* < F where the edges are disjoint. It is called perfect if it covers all the
vertices. Moreover, given a nonnegative weight function d: £ — R for the edges, an assignment
problem (or maximum matching problem) is to find the matching p* which maximizes the sum of

the weights of edges in u*, i.e., u* = arg max,,c \4 {Zee” d(e)}, where M is the set of all matchings.

For a weight function d, we denote an assignment problem on the complete graph (V, Ev) by (V, d).

Remember N is the player set. Consider an assignment problem (N, d). Let .#(S) be the set
of all matchings for (S,d|s), where d|g is the restriction of d on (S, Eg). Then, an assignment
game (on the complete graph), denoted by (IV,wy), is defined by

g )0 S| =01, )
wa(S) = max {Z(i,j)eu d(i,j)|ue ///(S)} otherwise. @

The next theorem shows a simple representation of the core of (N, wg).

Theorem 1. The core of (N, wg) can be represented by

xv; =20forallie N
N| @i +xy =d(i, ) if (i, 5) € p*
Clwa) =z eR zi 4y = d(i,5) if (i,§) ¢ p* ’
x; = 0 if 4 is not assigned by p*

where p* is any optimal matching.

Hereinafter, by adding the dummy player if necessary, we assume |N| is even without loss of
generality. Moreover, we suppose that any optimal matching which appears in the rest of the paper
is perfect matching.
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4 Minimum Negotiation Sets for Assignment Games on Com-
plete Graphs

The core of an assignment game on the complete graph is not necessarily nonempty. We apply
minimum negotiation sets to the assignment games.

We specialize the k-additive core to the assignment games. Given an assignment problem
(N,d). Let p* be an optimal matching of (IV,d). Then, C,x(d) is defined by

z; =20forallie N

_ N Ex| Ti+xj+ 5 = d(i, ) if (4,7) € p*
Cpurl(d) = (@ eRTXR 0 0 4 2 = dli, ) if (6,5) ¢ p* [ (4)
z(N) = wq(N)

Roughly speaking, we can say that C,x(d) is a special case of 2-additive case. The core C(w¢)
is included in C,x(d). The following theorem says that like the 2-additive core, C,x(d) is always
nonempty.

Theorem 2. For (N,d) and an optimal matching p*, C,x(d) # .
Then, given £, norm || - |, to be minimized, a minimum negotiation set is defined by the set of
optimums of the following problem. The set is denoted by IZ «(d)
minimmize I(2(i,5))i.jen,ixjlp subject to x € C,x(d). (5)
Clearly, when the core is nonempty, for any p, IZ « (d) coincides the core.
The next proposition says that the sign of z. is determined after it is minimized.

Proposition 1. Given an assignment problem (N, d) and an optimal matching p* of (N,d). For
any z € I, (d), the following statements hold:

(i) z. <0 for all e € p*.
(ii) x. =0 for all e ¢ p*.

From Proposition 2, an interpretation of x. is considered to be different whether e € u* or
e ¢ p*. Reflecting this fact, we consider two specializations of C,x(d) as follows.

Coux(d) = {x € Cp(d) | 2y = 0, (i,5) ¢ p*}. (6)

Cx(d) = {x € Cpa(d) |z = 0, (4,5) € pu*}. (7)

Tﬁ* (d) and TZ* (d) denote the corresponding minimum negotiation sets for (vju* (d) and (A}M* (d),
respectively. IZ* (d) is related to BLOCKING VALUE in [3].
For z € iz* (d), @(,u% (i) can be interpreted as a debt owned by coalition {i,u*(i)} in order

to form the grand coalition. On the other hand, for x € ii*(G), T(; ) can be interpreted as a

dissatisfaction of coalition {4, j} when the grand coalition is formed.
When p > 1, I . (d) should be a singleton.

Theorem 3. Letp > 1. IZ* (d) = C(weg) if C(we) # . Otherwise, IZ* (d) consists of a singleton.

We consider the special case that p = 1. TL* (d) is equal to the set of all optimal solutions of
the following problem.

maximize x
subject to  x; + x; + x(; ;) = d(i,7), (i,7) € pu*,
zi+xj >d(i,j), (i,]) ¢ p*,
x; =20, ieN,
T, <0, eep®.

The following propositions are obtained from this fact.
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Proposition 2. Given (N,d). Let € be a gap between the optimal value of the following problem

maximize Z d(i, 7) f(i,5)

(i,5)eEN
subject to Z f@i,j) <1, i€eN,
J#i
f(i,5) =0, i,j€eN,
and the value of optimal matchings. Then € is equal to the optimal value of the problem (8).

The next proposition shows a simple method of finding elements of \f[lt* (d).

Proposition 3. Given (N,d). Let p* be an optimal solution of the following problem:

minimize Z Di
ieN
subject to p; +p; = d(4,j), i,j € N,
pi =0, ieN.
Let qf, ) = d(i, j) — p¥ — p} if (i,j) € p*, and ¢ ;) = 0 otherwise. Then (p*,¢*) € T\, (d).

The following proposition show a relation between I}L* (d) and T}L* (d).

Proposition 4. We have T}L* (d) < I}L* (d).

5 Conclusion

In this paper, we have introduced the assignment games on the complete graph. We have proposed
the minimum negotiation sets for the assignment games, which are generalizations of the core. We
discuss some properties of the minimum negotiation sets. Future tasks include further investigation
on the minimum negotiation sets and study payoff vectors derived from the minimum negotiation
sets.
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1 Introduction

Abstraction is the process of removing details from a problem representation. It is a critical step
in problem solving as without abstraction “intelligent agents would be completely swamped by the
real world” [1]. Despite its importance, little attention has been paid to abstraction techniques
compared to, for example, solving techniques. In areas, such as planning, the formal abstract
model has been proposed and many concrete domain models are used for benchmarking, but the
studies how to obtain such models and how the models relate to real world are rare.

In this paper, we look at a specific planning problem called multi-agent path finding (MAPF)
that deals with the problem of finding collision-free paths for a set of agents (robots). MAPF has
a strong practical applicability in areas such as warehousing and intelligent road junctions. An
abstract model with a graph describing the environment and agents moving between the nodes
of the graph has been proposed. This model is widely accepted by the MAPF community and
majority of MAPF algorithms rely on this model. Our goal is studying appropriateness of MAPF
abstract models from the perspective of executing the obtained plans. We argue that the classical
abstract model may not be appropriate, when the plans are to be executed on real robots. We
provide some preliminary empirical evidence that abstract plans deviate from real plans executed
on robots, Ozobots [2] in our study (Figure 1), and we compare several variants of abstract models.
The paper motivates further research on abstraction of problems with respect to applicability of
solutions in practice. This is a short version of paper [3], which gives full technical details.

2 Background on MAPF

Formally, the MAPF problem is defined by a graph G = (V, E) and a set of agents ay,...,a,
where each agent a; is associated with starting location s; € V and goal location g; € V. The time
is discrete and in every time step each agent can either move from its location to a neighbouring
location or wait in its current location. A grid map with a unit length of each edge is often used
to represent the environment [4]. The task is to find a collision-free path for each agent, where
the collision occurs when two agents are at the same node at the same time or two agents move
along the same edge at the same time in opposite directions. The makespan (the maximal time
when all agents reached their destinations) objective function is often studied in the literature
[5]. The problem to find a makespan-optimal solution is NP-hard [6]. Though the plans obtained
by different MAPF solvers might be different, the optimal plans are frequently similar and tight
(no superfluous steps are used). Hence, any optimal MAPF solver can be used. We used the
reduction-based solver in the Picat programming language [7].

Figure 1: Ozobot Evo from Evollve used for the experiments. Picture is taken from [2].
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Figure 2: Instance map for Ozobots. Ozobots follow the black line, the grey circles indicate starting
and goal locations (not printed on real map).

3 MAPF Models and Executable Plans

For our study we designed an environment that is intentionally close to the abstract model of
MAPF, that is, it is a grid map with equal distances between vertices that are connected by lines
used by robots to easily navigate between the vertices, see Figure 2. The abstract plan outputted
by MAPF solvers is, as defined, a sequence of locations that the agents visit. However, a physical
agent has to translate these locations to a series of actions that the agent can perform. We assume
that the agent can turn left and right and move forward. By concatenating these actions, the agent
can perform all the required steps from the abstract plan (recall, that we are working with grid
worlds). This translates to five possible actions at each time step - (1) wait, (2) move forward,
(3,4) turn left/right and move, and (5) turn back and move. As the mobile robot cannot move
backward directly, turning back is implemented as two turns right (or left). Ozobot robots used
in our study, can directly perform these actions, which together with the specific map simplifies
typical “robotics” problems such as localisation and control.

As the abstract steps may have durations different from the physical steps, the abstract plans,
which are perfectly synchronised, may desynchronise when being executed, which may further lead
to collisions. The intuition says that such desynchronisation will indeed happen. In our setting,
the speed of the robots was set in such a way that moving along a line takes 1600ms and turning
takes 800ms. Note that the real robots only blindly follow the computed plan and do not intervene
if, for example, an obstacle is detected.

In the rest of the section, we describe the studied abstract MAPF models and possible trans-
formations of abstract plans to executable sequences of physical actions. Let ¢; be the time needed
by the robot to turn by 90 degrees to either side and t; be the time to move forward to the
neighbouring vertex in the grid. Both ¢; and t; are nonzero. The time spent while the agent is
performing the wait operation t,, will depend on each model.

3.1 Classical Model

The first and most straightforward model is a direct translation of the abstract plan to the action
sequence. We shall call this a classic model. At the end of each timestep, an agent is facing in a
direction. Based on the next location, the agent picks one of the five actions described above and
performs it. This means that all move actions consist of possible turning and then going forward.
There are no independent turning moves. As the two most common actions in abstract plans are
(2) and (3,4), we suggest to set the time t,, of waiting actions to be t; +1/2 x ¢, as the average of
durations of actions (2) and (3,4).

One can easily see that this simple model can be prone to desynchronisation, as turning adds
time over agents that just move forward. To fix this synchronisation issue, we introduce a clas-
sic+wait model. The basic idea is that each abstract action takes the same time, which is realised
by adding some void time to “fast” actions. The longest action is (5), therefore each action now
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takes 2 * t; +t; including the waiting action. The consequence is that plan execution takes longer
time, which may not be desirable.

Note that both of these models do not require the MAPF algorithm and model to change.
They only use different durations of abstract actions which are implemented in the translation of
abstract plans to executable actions.

3.2 Robust Model

Another way to fix the synchronisation problem is to create a plan 7 that is robust to possible
delays during execution. The k-robust plan is a valid MAPF plan that in addition requires for each
vertex of the graph to be unoccupied for at least k time steps before another agent can enter it [8].
In our experiments, we choose k to be 1. We presume that this is a good balance between keeping
the agents from colliding with each other while not prolonging the plan too much. The 1-robust
plan is then translated to executable actions using the same principle as the classic model. This
yields a I-robust model. Though, this model does not solve the synchronisation issue directly, it
adds some slack that can prevent collisions caused by various reasons.

3.3 Split Actions Model

By making the model less abstract, we can directly represent the executable actions, in particular,
by introducing an abstract turning action. In the reduction-based solvers, this can be done by
splitting each vertex v; from the original graph G into four new vertices v;”, v:’ght,vf"w",vf” ¢
indicating directions where the agent is facing to. The new edges now represent the turn actions,
while the original edges correspond to move only actions. This change needs to be accompanied by
constraints restricting the agents not to be at split vertices at the same time. The abstract plan is
then translated to an executable plan in a direct way as the agent is given a sequence of individual
actions wait, turn left /right, and move forward. The waiting time ¢,, is set as the bigger time of
the remaining actions: t,, = max(t;,ts). We shall call this a split model.

To make the model even closer to reality, we can exploit the weighted MAPF [9], where each
edge in the graph is assigned an integer value that denotes its length. The weighted MAPF solver
finds a plan that takes these lengths into account. The lengths of turning edges are assigned a
length of t; and the other edges are assigned a length of ¢ (or its scaled value to integers). The
waiting time ¢,, is set as the smaller time of the remaining actions: t,, = min(¢;,t;). We shall call
this a weighted-split model or w-split for short.

A final enhancement to the weighted-split model is to introduce k-robustness there. This will
again ensure that the agents do not tend to move close to each other to avoid undesirable collisions.
In this case, however, it is not enough to use 1-robustness, as the plan is split into more time steps.
Instead, we use max(t;,ts)-robustness. We shall call this robust-weighted-split model or rw-split
for short.

4 Results of Experiments

For evaluation of various models, we developed software (Figure 3) that provides a visual editor to
state the MAPF problems on a grid map, interface for solvers of the MAPF problems using the Picat
system, visualisation of plans and plan execution, transformation of plans to control procedures for
the Ozobot robots, and tools supporting execution of plans. The software is intended as a research
tool for testing various abstract models of the MAPF problem on real robots.

For initial empirical comparison, we generated plans using each MAPF model for the problem
instance described above and then we executed the plans five times in total for each model. Several
properties were measured with results shown in Table 1.

Computed makespan is the makespan of the plan returned by the MAPF solver. It is measured
by the (weighted) number of abstract actions and this is the value optimised by the solvers.
Note that the split models have larger makespan than the rest because the split models use a finer
resolution of actions, namely turning actions are included in the makespan calculation. This is even
more noticeable with w-split and rw-split, where the moving-forward action has a duration (weight)
of two. Total time is the actual time needed to complete the plan by all robots. To measure the
level of desynchronisation, we introduced the Max A time. We made abstract plans for all robots
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Figure 3: User interface of the MAPF system.

equally long by adding void wait actions to the end (where necessary). The Max A time is the time
difference between the real end times of the first and last robots. This value is zero, if the robots
remained synchronised during plan execution. The larger value means larger desynchronisation.
All of the times are rounded to seconds because the measurements were conducted by hand.

The number of failed runs is also shown. The only model that did not finish any run is the
classic model while the rest managed to finish all of the runs. A run fails if there is a collision
that throws any of the robots off the track so the plan cannot be finished. The average number of
collisions per run shows how many collisions that did not ruin the plan occurred. These collisions
can range from small one, where the robots only touched each other and did not affect the execution
of the plan, to big collisions, where the agent was slightly delayed in their individual plan, but still
managed to finish the plan. For the classic model, where no execution finished, we present the
number of collisions occurring before the major collision that stopped the plan.

5 Conclusions and Future Steps

The goal of the paper is showing that abstract models should be treated more carefully, when the
results are supposed to be used in real environment. Our preliminary experiment showed that the
most widely used MAPF model, the classic one, is actually not applicable even if the environment
is made very close to the model. The reason is that durations of real actions are different from
durations of abstract actions, which leads to desynchronisation of agents’ plans. A naive extension
to make all actions equally long worsens the quality of plan (makespan) significantly. Adding
robustness to abstract plans helps, but as the Max A time shows, there is some desynchronisation,
which may lead to collisions for longer plans. The split model uses abstraction closer to reality
and adding weights makes the abstract plans even closer to real plans when executed. However,
solving such models is more computationally expensive than solving the classical model [9].

The results show that there is indeed a gab between widely-used theoretical frameworks for
MAPF and deployment of solutions in real environments. A wider experimental study is necessary

Comp. Failed #Colls. Total Max A

Mksp Runs Time [s] [s]
classic 17 5 4 NA 5
classic+wait 17 0 4.2 53 0
1-robust 19 0 0 41 4
split 27 0 2 36 3
w-split 45 0 2.6 39 0
rw-split 47 0 0 39 0

Table 1: Real performance of Ozobots for studied models.
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to understand better the relations between abstract models and real environments. For example,
the ratio between the length of edges and the size of robots seems important (Ozobots have diameter
of 3 em and distance between nodes in our map is 5 cm). Note also, that blind execution of plans
was assumed. It would be interesting to look at plan-execution policies that assume communication
between agents and exploit information from sensors [10].
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Relation between Normalized Interval Vector and
Imprecise Brief Function in Interval AHP
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Graduate School of Engineering Science, Osaka University
Toyonaka, Osaka 560-8531, Japan
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Abstract

The interval Analytic Hierarchy Process (AHP) [1] has been proposed to express vague
evaluations of the decision maker as a normalized interval weight vector (NIWV). In this
paper, we apply the evidence theory [2] to the representation of the vague evaluations as
an alternative way. The interval weights can be seen as a model of imprecise probability
distribution. Therefore, it is conceivable to apply the evidence theory to estimating
imprecise weights from a given PCM because the evidence theory is also a model of
imprecise probability. In the evidence theory, imprecise probabilities are expressed
by a basic probability assignment (BPA). Accordingly, a basic probability assignment
(BPA) is used for representing vague priority weights instead of an NIWV. We propose
an approach to estimation of a BPA from a given pairwise comparison matrix (PCM).
The proposed approach can be used for the estimation of a BPA over alternatives
on each criterion as the conventional AHP does. However, in order to avoid the a
labyrinthine argument not related to the main result of this paper, we concentrate
on the estimation of a BPA over criteria from a given PCM. The application of the
evidence theory has the advantage that the normalization condition of a BPA is well
defined while the normalization condition of an NIWYV is controversial [3]. By the
comparison between the interval AHP and the AHP based on the evidential theory, we
may have some new perspective on the normalization condition in the interval AHP.

We formulate the problem estimating a BPA from a given PCM as a linear programming
problem in parallel to the estimation problem of an NIWV from a give PCM. We
investigate the relation between the solutions to BPA estimation problem and those
to NIWV estimation problem. Moreover, the relation between the preference relation
induced from the estimated set of BPAs and that induced from the set of estimated
NIWVs. We show that the formulated BPA estimation problem is equivalent to the
NIWV estimation problem with an additional constraint that the sum of centers of
interval weights is not less than one. As the result, a half range of NIWVs is well
understood as a whole range of BPAs and an NIWV corresponds to an imprecise BPA.
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Abstract

Hidden conflict of belief functions in case where the sum of all multiples of conflicting
belief masses being equal to zero was observed. Degrees of hidden conflict and of non-
conflictness are defined and analysed including full non-conflictness. Hidden conflict
between two belief functions is distinguished from internal hidden conflict(s) of the
individual belief function(s). Finally, computational issues of hidden conflict and non-
conflictness are presented.

Keywords: belief functions, Dempster-Shafer theory, uncertainty, conflicting belief
masses, internal conflict, conflict between belief functions, hidden conflict, full non-
conflictness.

1 Introduction

When combining belief functions (BFs) by the conjunctive rules of combination, some conflicts
often appear (they are assigned either to ) by non-normalised conjunctive rule ® or distributed
among other belief masses by normalisation in Dempster’s rule of combination @). Combination
of conflicting BFs and interpretation of their conflicts are often questionable in real applications.
Thus a series of papers related to conflicts of BFs was published, e.g. [1, 2, 3, 4, 5, 6, 7, 8, 9, 10].
A new interpretation of conflicts of belief functions was introduced in [11]: important distinction
of internal conflicts of individual BFs (due to their inconsistency) from conflicts between BFs (due
to conflict/contradiction of evidences represented by the BFs) was introduced there. Note that
zero sum of all multiples of conflicting belief masses (denoted by meg(0)) is usually considered as
non-conflictness of the belief functions in all these approaches.

When analysing the conflict between belief functions based on their non-conflicting parts® [4] a
positive value of conflict was observed even in a situation when sum of all multiples of conflicting
belief masses equals to zero. This arose a series of new questions: how to interpret the sum of
conflicting masses, is the conflict based on non-conflicting parts of belief functions correct? Some
of the answers are provided in this text. They are positive in favour of the conflict based on
non-conflicting parts. This led us to a definition of a hidden conflict of BFs (Section 3).

Going further, different levels / degrees of hidden conflicts are defined and a maximal degree
of hidden conflict is investigated. Analogously to the degrees of hidden conflict, there also ex-
ist different degrees of non-conflictness. Full non-conflictness and conditions, under which belief
functions are fully non-conflicting, are defined and presented.

In accordance with approach from [11], there are observed and presented not only hidden
conflicts between two belief functions, but also internal hidden conflicts of individual BFs (Section
5). Finally, computational aspects of hidden conflict are presented in Section 6.

LConflicting and non-conflicting parts of belief functions originally come from [12].
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2 Preliminaries

We assume classic definitions of basic notions from theory of belief functions [13] on finite exhaustive
frames of discernment Q,, = {w1,ws, ..., wn }.

A basic belief assignment (bba) is a mapping m : P(Q) — [0,1] such that > ,~,m(A) = 1;
the values of the bba are called basic belief masses (bbm). m() = 0 is usually assumed. P(Q2) =
{X|X C Q} is a power-set of Q. A belief function (BF) is a mapping Bel : P(Q) — [0,1],
Bel(A) = > gpuxcam(X). A plausibility function PL:P(2) — [0,1], PI(A) = > 5 4qx m(X).
Because there is a unique correspondence between m and corresponding Bel and Pl, we often
speak about m as of a belief function.

A focal element is a subset of the frame of discernment X C , such that m(X) > 0. If all
focal elements are singletons (i.e. one-element subsets of 2), then we speak about a Bayesian belief
function (BBF); in fact, it is a probability distribution on €. If there are only focal elements such
that |X| =1 or |X| = n we speak about quasi-Bayesian BF' (¢BBF). In the case of m(2) =1 we
speak about vacuous BF (VBF) and about a non-vacuous BF otherwise. In the case of m(X) =1
for X C Q we speak about categorical BF. If all focal elements have a non-empty intersection, we
speak about a consistent BF; and if all of them are nested, about a consonant BF.

Dempster’s (normalized conjunctive) rule of combination ®: (mi1®ma)(A) = > yny—a Kmi(X)
ma(Y) for A # 0, where K =1 k=3 y_g mi(X)ma(Y), and (m; @ m2)(0) = 0, see [13].
Putting K = 1 and (m1©@m2) () =  we obtain the non-normalized conjunctive rule of combination
@, see e. g. [14].

Smets’ pignistic probability is given by BetP(w;) = Zw,;EXQQ \TII%’ see e.g. [14]. Normal-
ized plausibility of singletons® of Bel is a probability distribution Pl P such that Pl P(w;) =

Pl({wi}) 15. 1
S pion 1% 161
A conflict of BFs Bel', Bel” based on their non-conflicting parts Belj,, Belj is defined by the ex-

pression Con f(Bel’, Bel”) = (m{©mg)(0), where non-conflicting part Bel, (of a BF Bel) is unique
consonant BF such that Pl__Py = Pl_P (normalized plausibility of singletons corresponding to
Bely is the same as that corresponding to Bel); mg is a bba related to Bely. For an algorithm to
compute Bely see [4].

3 Hidden Conflict

3.1 An Introductory Example

Let us assume two simple consistent belief functions Bel’ and Bel” on Q3 = {w;,ws,ws} given by
the bbas m/({w1,w2}) = 0.6, m'({w1,ws}) = 0.4, and m” ({wa,w3}) = 1.0. Then (m'@m”)(@) =0
what seems — and it is usually considered — to be a non-conflictness of m’ and m”, but there is
positive conflict based on non-conflicting parts Con f(Bel’, Bel”) = (m{@m{)(0) = 0.4 > 0. (This
holds true despite of Theorem 4 from [4] which should be revised in future).

We can easily verify this: the only focal element of m’ has a non-empty intersection with
both focal elements of m/, thus }_ x~yy_y m/(X)m”(Y) is an empty sum; Bel” is consonant, thus
Bely = Bel”, mg = m"”, PU'({w1}) = 1, PlI'({wa}) = 0.6, PI'({ws}) = 0.4, thus m{({w1}) = 0.4,
my({w1,wa}) = 0.2, m{({w1, w2, ws}) = 0.4, hence Conf(Bel’, Bel”) = (mi@mg) () = my({wi})
mgy({wa,ws}) =0.4-1=04.

?& e O ®

Figure 1: Introductory Example: focal elements of m’,m”, and of m'®@m” .

2Plausibility of singletons is called contour function by Shafer in [13], thus PI__ P(Bel) is a normalization of
contour function in fact.
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Table 1: Hidden conflict in the Introductory Example

X | {wi}) {we} {ws} {wiwo} {wiws} {wows} Q3 0

m’(X) : 0.0 0.0 0.0 0.60 0.40 0.00 0.00 —

m”(X) : 0.0 0.0 0.0 0.00 0.00 1.00 0.00 —
(mem")(X): | 000 060 040 000  0.00  0.00 0.00 0.00
(mem’em”)(X): | 0.00 060 040 000 000  0.00 0.00 0.00
(mem’em)(X): | 000 036 016 000 000  0.00 000 0.48
(mem"emem”)(X): | 0.00 036 016 000 000 000 0.00 0.48

3.2 Interpretation of the Example — Observation of a Hidden Conflict

The following questions arise: Does (m’@m')(()) = 0 really represent non-conflictness of respective
BFs as it is usually assumed? Is the definition of conflict based on non-conflicting parts correct?
Are m/ and m” conflicting? What does (m’@m’)(0) = 0 mean?

Suppose that Bel’ and Bel” are non-conflicting now. Thus their combination should be also
non-conflicting with both of them. Does this hold for BFs from our example? This holds true
when we combine m’@m’ with m’ one more time (assuming m’ comming from two independent
belief sources). It follows from the idempotency of categorical m”: m’@m”@m” = m’@m” and
therefore (m’@m”@m')(#) = 0 again. On the other hand, we obtain positive (m'@m”@m’)(0) =
(m'@m’e@m”) () = 0.48 (assuming m’ comming from two independent belief sources). See Table 1
and Figure 2. When m” and m’ are combined once, then we observe mg (#) = 0. When combining
m” with m’ twice then mg () = 0.48. We observe some kind of a hidden conflict. Moreover,
both individual BFs are consistent. l.e. there are no internal conflicts. Thus the hidden conflict
is hidden conflict between the BFs and we have an argument for correctness of positive value of
Conf(Bel’, Bel”).

NN P> o

Figure 2: Arising of a hidden conflict between BFs in the Introductory Example: focal elements of
m/,m/,m" — m'@m’,m"” and of (m'@m')em”.

What is a decisional interpretation of our BFs? Contours, i.e. plausibilities of singletons are
P!’ = (1.0,0.6,0.4) and PI” = (0.0,1.0,1.0), we obtain Pl_P" = (0.5,0.3,0.2) and PI_P" =
(0.0,0.5,0.5) by normalization; thus at Bel’, w; is significantly preferred, whereas at Bel”, one of
wa,ws; this is also an argument for mutual conflictness of the BFs. Considering Smets’ pignistic
probability we obtain BetP’ = (0.5,0.3,0.2) and BetP” = (0.0,0.5,0.5), just the same values
as in the case when normalized plausibility of singletons (normalized contour) is used for deci-
sion. Both the, in general different, probabilistic approximations BetP and PIl__P give highest
value to different singletons for Bel’ and Bel”. Thus the argument for mutual conflictness of the
BFs is strengthened and we obtain the same pair of incompatible decisions based on the BFs in
both frequent decisional approaches: using either normalized contour (which is compatible with
conjunctive combination of BFs) or pignistic probability (designed for betting).

Hence (m'®@m’)(0) does not mean non-conflictness of the BFs. It means a simple or partial
compatibility of their focal elements only.

3.3 Objections Against Our Interpretation
There are several objections against our interpretation of the introductory example:

e in case of a combination of two identical belief functions some idempotent rule of combination
should be used. Yes, this would be right for belief functions coming from two dependent belief
sources. But this is not true for two or more numerically same BFs coming from two or more
independent belief sources.
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e The result is not surprising, because conflict is increasing when combining more belief func-
tions. This is definitely not true:

— to be correct it should be stated 'non-decreasing’ instead of increasing.

— more precisely, a conflict is non-decreasing when more conflicting BFs are combined.
When truly non-conflicting BFs are combined, any positive conflict can never arise there;
e.g. (@]fBell @) @IfBelg)((D) = 0 for any k > 0 and Bel; on Q3 given by m;({w1}) = 0.3,
ml({wl,wg}) = 02, ml({wl,wg}) = 0]., ml({wl,WQ,W3}) = 04, mQ({wl,wg}) = 07,
meo({w1, we,ws}) = 0.3.

— Thus an appearance of a positive (m’@m’'®)(0) implies a conflict between m’ and m”
or between m’ and m’ in case of consonant BFs; there cannot be any conflict between
consonant m’ and m’ thus there must be conflict between m’ and m”.

e The result is rather unsurprising. Because one can see clearly that the hidden conflict occurs
when the first combination results in disjoint focal sets. Yes, in the very simple Introductory
Example, this may by unsurprising for someone; but there are no disjoint sets after the first
combination in the following Little Angel example. Moreover, this should be surprising for
all who accept the following assumption / axiom: BFs Bel’ and Bel” are non-conflicting
whenever (m’@m’)(0) = 0, e. g. [1, 5, 7, 8] and the previous Daniel’s publications, e. g.
2, 4, 3].

o It is obvious that a combination results in a conflict if a Bayesian BF (m’@m’ in the In-
troductory Example) is combined with any other BF. Yes, this is true in the very simple
introductory example, but not in a general example, see e. g. the following Little Angel
example again.

Analysing these objections we can see, that is was not easy to observe the hidden conflicts, in
simple cases the observation seems to be obvious, thus not interesting, in more general examples
this seems to be really hidden.

3.4 Definition of Hidden Conflict

Definition 1 Let us suppose two BFs Bel', Bel” defined by bbas m/;m", such that (m’@m’)(0) = 0.
If there further holds (m’@m”@m’)(0) > 0 or (m'@m”@m")(0) > 0 we say that there is a hidden
conflict of the BFs.

Observation 1 A condition (m'@m”@m’)(B) > 0 or (m'@m”em’”)(0) > 0 from Definition 1 is
equivalent to the following condition (m'@m”em’e@m’)(() > 0.

We have to note that a hidden conflict is quite a new phenomenon, qualitatively different from
the ideas of all previous Daniel’s works on conflict of belief functions and also different from the
other referred approaches. Till now, it was supposed that meg(0) includes both conflict between
BFs and also internal conflicts of individual BFs. Thus conflict between BFs was supposed to be
less or equal to m@g(0). Here, we deal with a situation of a positive conflict between BFs while
meg(0) = 0.

We have already observed that mg () = 0 does not mean full non-conflictness of BFs and that
the condition (m'@m”@m’@m’)(0) > 0 together with (m’@m’)(#) = 0 defines hidden conflict.
What about the condition (m’@m”@m’@m”)(@) = 0?7 Is this condition sufficient for full non-
conflictness of BFs Bel” and Bel”? May some conflict be still hidden there?

The zero version of the condition seems to imply non-conflictness on 23, the frame of discern-
ment of the Introductory Example. To solve the question in general, we have to consider a larger
frame of discernment.

3.5 Little Angel Example

For 5 one can find the following Little Angel Example, see Table 2. Similarly to Introductory
Example, we have two consistent BFs Bel’ and Bel® with disjoint sets of max-plausibility elements
while zero condition (m'@m®)(()) = 0 holds true.
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Table 2: Hidden Conflict in the Little Angel Example

35

X : A: {w15w27w5} B: {w17w27w37w4} C: {w1,w3,W4,UJ5} X: {WQ,W3,W4,W5} @
mi(X) : 0.1 0.30 0.60 0.00 —
m¥(X) : 0.0 0.00 0.00 1.00 —

X : | AnX BnX CnX ANBNX ANCNX BNCNX 0
(mem)(X): | 01 03 0.6 0.0 0.0 0.0 0.000
(m'emem®)(X): | 010 030 0.60  0.00 0.00 0.00  0.00
(m'emiom)(X): | 0.01 009 036  0.06 0.12 0.36 0.0
(momemem)(X): | 001 009 036  0.06 0.12 036  0.00
(m'emPemiem®)(X): | 0.010 0.090 0.360 0.060 0.120 0.360 0.000
(mememem®)(X): | 0001 0027 0216 0036 0126 0486  0.108
Z@7711@777,1@771”@771”@Tn”(X') : 0.001  0.027 0.216 0.036 0.126 0.486 0.108

In addition to Introductory Example, (m‘@m‘@m@m®)(@) = 0 (see Table 2) while Conf(
Bel®, Bel®) = 0.1 is positive again. Positiveness of the Conf value can be easily seen from the fact
that sets of max-plausibility elements are disjoint for PI’ and P{*. Numerically, we have again
Belll = Bel® and Pl_P' = (%, o, a5, o5, 55). We obtain mj({w}) = 0.1 mb({wl,wg,w4}) =
0.2 mo({wl,wg,w4,w5}) =0.3,m}({Q5}) = 0.4, and Conf(Bel’, Bel®) = mo({wl}) “(X)=0.1.
Analogous arguments hold true for the positive Conf and hidden conflict again (of the 2nd degree
this time). BetP? = (0.2583,0.1083,0.2250, 0.2250, 0.1833) which is not numerically the same as

PIl__P?, but both prefer w;, whereas BetP% = PI__P% = (0.00,0.25,0.25,0.25,0.25).

Figure 3: Arrising of a hidden conflict between BFs in the Little Angel Example. Focal elements of
mé, m¥, m'e@mt, m'@m'@m’ and of (m'@m'®@m')®m®. Red-colored focal elements are those
responsible for creation of the empty-set in the last step.

For an existence of a hidden conflict, it is the structure of focal elements that is important —

not their belief masses. Belief masses are important for the size of a conflict. In general, we can
take mi(A) = a, m*(B) = b, m*(C) = ¢, for A, B,C defined in Table 2, and for any a,b,c > 0,

Czech-Japan Seminar 2018



36

such that a + b+ ¢ = 1, we obtain m()) = 6abc as a hidden conflict of the 2nd degree (in our
numeric case there is 6abc = 6 - 0.1 - 0.3 - 0.6 = 0.108). For graphical presentation of the Little
Angel Example see Figure 3.

Degrees of hidden conflict, its maximal value, and the issue of full non-conflictness will be
analyzed in the following section.

4 Degrees of Hidden Conflict and Full Non-conflictness

When analyzing examples from the previous section, we have observed different degrees of hidden
conflict. We can formalize it in the next definition.

Definition 2 Assume two BFs Bel’ Bel® defined by bbas m® m® such that for some k > 0
(@F_, (m'@m™))(0) = 0. If there further holds (OY] (m'@m™))(0) > 0 we say that there is a
conflict of BFs Bel® and Bel* hidden in the k-th degree.

Analogously to particular degrees of hidden conflict, there are degrees of non-conflictness. Par-
ticular degrees of non-conflictness are not very important. However, there is an important question
whether there is some hidden conflict or not, i.e. whether or not the BFs in question are fully non-
conflicting,.

Definition 3 We say that BFs Bel' and Bel" are fully non-conflicting if (m‘@m)(@) = 0 and,
further, if there is no hidden conflict of any degree. ILe. if (@ﬁzl(mi(@m”))(@) =0 for any k > 0.

Thus there is a question how many times we have to combine (m!@m??), i.e., for which k value
of (©%_, (m*@m))(0) shows whether there is some hidden conflict of the BFs Bel’ and Bel™ or
not. For answers to this question see corollaries of the following two theorems.

Theorem 4 (maximal degree of hidden conflict) For any non-vacuous BFs Bel' and Bel®
defined by m* and m* on any frame §, it holds that

(@)Z1 miem™)(@) =0 if (O (m'em™)(0) =0
forany k >n —2.

Corollary 5 Hidden conflict of any non-vacuous BFs on any ), has always degree less or equal
ton — 2; i.e., the condition

=1 i ii
(@} (miem™))(0) = 0
always means full the non-conflictness of any BFs Bel® and Bel® on any Q.

Let us present an example of such highly hidden conflict now.

Example 6 Ezample of hidden conflict of the (n—2)-th degree: Let us suppose n-element frame
of discernment Q, = {wi,ws,...,wn}. Bel' and Bel® are given by m*({wi,ws,...,wp—1}) =
ﬁ, mi({w1,wa, o, Wn_2,Wn}) = ﬁ, m({w1,wa, o, Wn—3,Wn_1,Wn}) = ﬁ, .o mi({w,
W3, Wiy ooy Wi }) = ﬁ, m¥({wa, w3, .oy wn }) = % At mi@m® (n—2)-element focal elements appear,
at m'@m‘@m' (n — 3)-element focal elements appear, at @?Zlmi (n — k)-element focal elements
appear, at @?:_fmi 2-element focal elements appear, all these focal elements have non-empty in-
tersections with the only focal element of m*, and finally at @;‘:—llmi singleton focal element {w;}

appears which has empty intersection with the only focal element of m* {wa, w3, ...,wy }.

What does m’ express? It gives a big support to all elements of the frame, to the entire frame
Q,, and even greater support to w; which is included in all focal elements; w; is preferred and,
moreover, it has plausibility 1. We can modify m® and express this more easily: m*(Q,) = ”T_l,
m'({w1}) = 1, or more generally, m’(Q,) = 1 — a, m’({w1}) = a for some 0 < a < 1. We can
easily see evident conflict corresponding to positive m(0) = (m'@m™)(0) = L, m(0) = a for these
modifications of m’. Hence either hidden conflict of the (n—2)-th degree of m’ and m® or positive
Conf(m',m*) = Conf(m',m") = L should not be very surprising.

We have to note that the Introductory Example is a special instance of Example 6 for n = 3.
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Theorem 7 (i) Any non-vacuous BFs Bel', Bel® have a conflict hidden at most in (c—1)-th degree
where ¢ = min(ct, c') + sgn(|ct —c'|). where ¢, ¢ are maximal cardinalities of focal elements of
Bel?, Bel™ different from Q. In the other words

(@S_(miem™)@) =0 iff (O} (m‘em™))(0) =0

for any k > ¢ = min(c?, c¢®) + sgn(|ct —c*]).

(i) There are no hidden conflicts of any non-vacuous BFs on any two-element frame .

(iii) There are no hidden conflicts of any non-vacuous quasi-Bayesian BFs on any frame Q,,.
(iv) For a BF Bel® and a quasi-Bayesian BF Bel®™ there is a hidden conflict of (at most) the first
degree; if it appears then it is an internal conflict of Bel® in fact.

Corollary 8 (i) Assume two non-vacuous BFs Bel®, Bel' on §),,. The zero value of the expression
(@), (mem™))(0), i.e., the condition

(@1 (m'om™))(#) =0

means full non-conflictness of the BFs for ¢ = min(c?, ¢*) + sgn(|ct—c|), where ¢, ¢ are mazimal
cardinalities of focal elements of Belt, Bel® different from €,,.

(ii) For any two non-vacuous quasi Bayesian BFs Bel’, Bel® on any frame of discernment €1, the
condition (m'@m®)(0) = 0 always means full non-conflictness of the BFs.

(i4i) For any BF Bel' and any quasi-Bayesian BF Bel® the condition (@?:1(mi©m“))(@) =0
always means full non-conflictness of the BFs.

5 Internal Hidden Conflict

Little Angel Modification

Let us take m® instead of m!, such that m*(A4) = m'(A), m"*(C) = m*(C), and m**(D) =
m® ({wa,ws,ws}) = 0.30 instead of m*(B). There is (m“®m*®@ m*em'*)(h) = 0, but
(Mi@M @ mii@mi)(f) > 0, even (m' @ mii@mii) (@) > 0, iec. (Omi)(d) > 0, for detail
see [17].

We observe a conflict of the belief functions hidden in the 2-nd degree again. Nevertheless,
the situation of focal elements is different now: the only focal element X of m® = @f m® has
non-empty intersection with any focal element of @i’ m®, but (@? m®)(0) > 0 now. Thus this is

not a hidden conflict between m® and m*, but an internal hidden conflict of m*.
Computation of @]f(m’ @®@m')(0) and internal hidden conflict have a relation to Martin’s auto-

conflict [18, 8], thus we can speak about hidden auto-conflict here. See [19] for more details.

In general, we can observe internal hidden conflict when at least one of BFs in hidden conflict
is not consistent. Let us present an example with highly hidden internal hidden conflict of the
(n—2)-th degree on a general frame of discernment now.

Example 9 Let us consider the following modification of Example 6 on Q,. Instead of m' we
take m® having all focal elements of cardinality n — 1, such that m*(Q, \ {w}) = % for any
w € Qy,; m' same as in Evample 6. m® is not consistent; Pl ({w}) = % for any w € Q,,. We
observe hidden conflict of the (n—2)-th degree again. Because of same plausibilities of all singletons
m"5(2,) =1 and Conf(m mi) =0 now.

There is a positive hidden conflict of BFs Bel? and Bel®, but zero conflict between them. We
say that there is an internal hidden conflict. This corresponds to non-consistency of BF Bel';
Bel? is consistent thus there is an internal hidden conflict of BF Bel* in this case.

A numeric example was computed on €14, see Table 3 for a comparison of focal elements and
m@(0) values of Examples 6 and 9. For simplicity, same bbms m’(X) = & and m*(X) = & were
used there.
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916 m! = mi m/ = mii m! = mzu m = mii

Degree mg no of f.e. Card. of f.e. mg(0)| no of fe. Card. of f.e. me(0)

- m/ 15 15 - 16 15 -

- m/ 1 15 - 1 15 -

0 m'em’ 15 14 0 16 14-15 0

1 mem"omem’| 120 13-14 0 121 13-15 0

2 3 (mem”) | 575 12-14 0 576 12-15 0

R 0 0

k Ol (mem”) | ... (14-k)-14 0 (14-k)-15 0

.o 0 0

13 O, (mem”) | 32766 1-14 0 32767 1-15 0
14 Jlil (mem') | 32766 1-14 2.98-06| 32767 1-15 1.13-06

Table 3: Hidden conflict between BFs Bel® and Bel® from Example 6 and internal hidden conflict
of Bel® and Bel™ from Example 9, both on 1.

6 Computational Complexity and Computations of Exam-
ples

Based on Definition 2 and Theorem 4, the complexity of computation of the degree of hidden
conflict of two BFs Bel® and Bel® is — on a general €,, — O(n) of ® operations. In the case
of checking existence of a hidden conflict of the BFs we obtain the complexity O(logz(n)) of ®
operations utilizing a simplification of computation based on @?il(mi®m”) = @ﬁ:l(mi®m”)
© @?zl(mi(@m”). Note that the complexity of @ operation depends on the number and structure
of focal elements.

During our analysis of hidden conflicts a series of example computations was performed on
frames of discernment of cardinality from 5 to 16. A number of focal elements rapidly grows up
to |P(R)] = 2/l —1 when conjunctive combination ® is repeated, see e.g. 32766 and 32767 focal
elements in the presented Examples 6 and 9 at Table 3. Because the degree of the hidden conflict
and existence of the hidden conflict depends on the number and the structure of focal elements
not on their bbms, we have used same bbms for all focal elements of a BF in our computations on
frames of cardinality greater than 10.

All our experiments were performed in R [20] using R Studio [21]. We are currently developing
an R package for dealing with belief functions on various frames of discernment. It is based on a
relational database approach - nicely implemented in R, in package called data.table [22].

7 Several Important Remarks

We have to underline that hidden conflict of belief functions is not a new measure of conflict. It just
improves/extends the classic measure defining the conflict by m(0) in situations where m(f)) = 0;
it distinguishes fully non-conflicting BFs from those with a positive hidden conflict. This notion
serves for deeper understanding of conflictness / non-conflictness, it enables to point out the conflict
also in situations where conflicts had not been expected, in situations where meg () = 0; hence to
point out and to help to understand the conflicts which are hidden due to meg(0) = 0.

Particular numeric values of a hidden conflict have no reasonable interpretation so far. For
now, we are interested whether the value is zero (i.e. no conflict) or not.

Repeated applications of the conjunctive combination @& of a BF with itself is used here to
simulate situations where different independent believers have numerically the same bbm. Thus
this has nothing to do with idempotent belief combination (where of course no conflict between
two BFs is possible).

There is brand new idea of hidden conflicts in [19] and in this contribution. Brand new inter-
pretation of m(()) distinguishing fully non-conflicting BFs from those with hidden conflict. The
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assumption of non-conflictness when m@g () = 0 was relaxed, due to observation of a qualitatively
new phenomena — observation of hidden conflict even in the cases where mg () = 0. Both these
studies want to point out the existence of hidden (auto-)conflicts in situations where no conflict
was expected till now. Thus the definitions of hidden conflict and hidden auto-conflict[19] are
not anything against the previous Daniel’s research and results on conflict of belief functions e.g.
[11, 2, 4]. Of course, some parts of the previous approaches should be updated to be fully consistent
with the newly presented results on hidden conflicts and auto-conflicts.

Our study was motivated by investigation of conflict Conf of BFs based on their non-conflicting
parts [4], thus we were interested in independent BFs when hidden conflict was observed. But we
have to note that conflictness / non-conflictness of BFs has nothing to do with dependence/indepen-
dence of the BFs. Repeated computation of several (up to n) numerically identical BFs, when
looking for hidden conflict is just a technical tool for computation of m () or more precisely say for
computation of k = Y vy _gm;(X)m;(Y). We are not interested in entire result of repeated ap-
plication of ®, we are interested only in m((}) or more precisely say in k = > XXX e=0 M5 (X1)
m;(Xz)...m;(Xx). Thus our computation has nothing to do with any idempotent combination of

BFs. And we can compute hidden conflict using @]f (or k) in the same way for both dependent
and indepentent BFs. It is either not necessary to include any independence assumption to our
Definitions 1 and 2.

8 Summary and Conclusion

Hidden conflicts of belief functions in situations where mutual intersections of any focal element
of one BF with all focal element of the other BF are non-empty has been presented and analysed.
There may be a positive conflict in situations, where sums of conflicting belief masses are empty,
i.e. in situations which have been usually considered to be non-conflicting till now.

Several levels — degrees of hidden conflict were observed, maximal degree of hidden conflicts
dependent on size of corresponding frame of discernment was found. A variety of hidden conflicts
of degrees 1 — (n—2) was described for an n-element frame of discernment. A necessary and
sufficient condition for full non-conflictness of BFs in dependence on maximal cardinality of their
focal elements has been specified and computational aspects analysed. Analogously to the evident
conflicts, internal hidden conflicts are distinguished from the hidden conflicts between BFs.

This qualitatively new phenomenon of conflicts of BFs moves us to better understanding of
nature of conflicts of belief functions in general and brings a challenge to elaborate and update
existing approaches to conflicts of BFs.

This may consequently serve as a basis for better combination of conflicting belief functions
and better interpretation of the results of belief combination whenever conflicting belief functions
appear in real applications.
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Abstract

Interval UTA method [1] has been proposed as an intermediate approach between
the conventional and robust ordinal regression methods. In interval UTA method,
a solid block being a subset of all instances of utility functions compatible with the
provided preference information is used to estimate a preference relation on the set of
alternatives. Therefore, if a preference relation holds in the interval UTA method for a
pair of alternatives, it is expected to hold also for a large part of the set of all instances
of compatible utility functions.

In this paper, we investigate whether strict preference relations obtained by the interval
UTA are frequently confirmed by randomly chosen instances of compatible additive
utility functions or not. To check this hypothesis, we apply Stochastic Multicriteria
Acceptability Analysis (SMAA) [2] on the whole set of instances of compatible utility
functions, and we compare the strict preference relations obtained by both methods.
Several reasonable evaluation functions are considered to obtain interval utility function
models to be tested. By a numerical experiment, we show that, except a few cases, the
strict preference relations obtained by any of the considered interval utility function
models frequently hold in SMAA. However, this is not well confirmed for any single
interval utility function model. Based on the results of the numerical experiment,
we propose a strategy for a better application of the interval UTA method using two
evaluation functions so that most of the estimated strict preference relations frequently
hold for randomly chosen instances of compatible additive utility functions.
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In this research, we study the aggregation of preference data of the users in network flow model.
These users can be referred to followers in the sequential decision model in the our sequential
decision problem. We transform the demand data into a bundle of linear constraints to represent
the strategic norms of the followers in the centralized decision model. We show that the revealed
preference theory is a useful foundation to construct such a multiple users’ rational actions without
losing much the richness of preference by our simplification. Although the aggregate preference
become a set of ambiguous decision norms of the representative follower, in our case the convex
polyhedron, we can apply this framework to the bilevel optimization and formulate this sequential
decision problem as a minimax problem which is the centralized decision problem of the leader in
our sequential decision model.

Keywords: Minimax Problem, Sequential Decision Model, Revealed Preference
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Visual method to compare shuffling algorithms
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Abstract

Aim of this paper is to present method of evaluation and comparison of algorithms for
shuffling. unlike for sorting algorithms, there is no simple way to check if algorithm
produce truly random sequence which is an issue this paper is dealing with. Our
method is purely visual and does not require statistical analysis, although it can be
used a secondary tool to verify conclusions. We are using Monte Carlo simulation
method in order to generate data for our analysis. four well known shuffling algorithms
are described and used for calibration and testing of our method. results of all four
algorithms are presented and discussed. Figures and examples are used in order to
demonstrate strengths and weaknesses of each of those algorithms. For a better idea,
instead of general form, we are using example of standard playing cards deck as a base
for the whole paper.

Keywords: Shuffling, Comparison, Algorithm, Simulation, Playing cards

1 Introduction

As the usual discussion is all about sorting algorithms and their properties, we decided to take
a different direction and focus on very opposite, shuffling or mixing algorithms. It is simple to
validate results of sorting algorithm since you just have to check if the current value in finite
sequence is smaller or the same as next value (for descending order). But question of validation
of sorting algorithm is much more complex. Also benefits and use cases of sorting are easy to see
all around us, but one could ask, what is the mixing good for. We decided rather than describe
whole topic in general manner, to focus on one of notorious use cases of shuffling which is shuffling
of playing cards. therefore, from now on, the paper will focus on playing cards shuffling, although
every algorithm or method describe in this paper can be generalized to optional finite sequence of
ordinal values.

People usually have a problem when their activity is meant to be completely random. This is
due to the tendency to create patterns of behavior that can be predicted. One of the experiments
[1], which confirms this hypothesis, is when one can see by the naked eye, if the ”random” sequence
of Os and 1s was generated by person or computer.

The number of permutations (possible combinations) of cards in the standard playing deck is
52! (Approximately 8 x 1057). However, despite this immense number of combinations, it is possible
to determine the probable state of the deck if cards were shuffled in inappropriate way or with not
enough repetitions.

Diaconis [2] and Bayer [3] are dealing with different ways of mixing cards and their mathematical
generalizations. Riffle shuffle, which is widely used around the world, has been described most
thoroughly. In addition to the statistical features, the recommended number of repetitions of this
shuffling technique has been set so that the resulting cards distribution is unpredictable, which is
extremely important in the entertainment industry. Based on statistical models, seven repetitions
were set as a value sufficient to randomly order entire deck. With six or fewer repetitions, it would
be possible to predict the positions of certain cards. And with more than seven repetitions, the
increase in randomness was negligible.

Result of this research has become a gold standard for casinos around the world, but the
general public has little awareness of these properties, and so it happens that business and private
tournaments are threatened by people who use this knowledge to manipulate odds in card game
in their favour.
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2 Methodology

In this section, a method for evaluating randomness of cards distribution after repeated shuffles,
will be presented. In the second subsection, the Monte Carlo simulation method is briefly described.

2.1 Evaluation methodology

The very first question is how to find that 52 cards are shuffled into random order. The problem
is that each of the 52! Permutations should have the same probability to occur. Thus, it is not
possible to determine from one observation whether the deck is in random order, or biased in some
way. For example, an extreme case where the deck is perfectly sorted and after one shuffle, the deck
is in the same order with the exception of just two cards that have swapped positions. One would
certainly argue that mixing was not satisfactory because the deck is almost the same as it was
before. However, from a probability perspective, this could be absolutely acceptable. Therefore, it
is necessary to repeat the shuffling and investigate long-terms patterns of card positions. therefore
we have to focus on algorithm itself, rather than similarities between two consecutive states of the
deck.

Our method is based on the frequency of occurrence position of every single card in the deck.
Just as every permutation has the same chance to occur, each card must have the same chance
of being placed at any of the 52 positions in the deck. Thus good algorithm would show no
correlation of cards with a certain positions. It is therefore possible to test quality of algorithm
without checking every possible permutation.

The method itself works as follows. The ideal frequency of a card at certain position is arith-
metic average of n = 52/s where s is the number of deck shuffling processes. Processes are
intentionally used, because shuffling itself can be repeated several times during one process, as it
is in the real world. Thus, n is the number of times each card should appear in each position if
the card distribution is completely random.

For better visualization, a grid where the rows are the individual cards, and the columns are
positions on which the cards are placed, was created. The cells are then dyed with red and blue
shades. Red color indicates a lower frequency than n. Blue indicates a higher frequency than n.
Lighter shades mean a value that is closer to n. Darker shades mean a value that is more further
from n. For red fields, the value range i from 0 to n. For blue fields, it is from n + 1 to 2n.

We still have to mention values x > 2n which is more precisely s — 2n. Cells with this value
are dark blue and show a strong positive correlation between a card and specific position.

if we have an algorithm that will generate a perfectly random sequence. The grid will look like
the light blue and light red cells are represented in the same amount and their position should
not form any pattern. Otherwise, the darker shades and patterns of cells with similar colors will
appear in the grid.

Thanks to this principle of visualization of results, the quality of the algorithm can be seen
at first glance. When changing parameters at the riffle shuffle or overhand shuffle, you can also
effectively watch progression in time based on which the recommendations were formed for both.

2.2 Monte Carlo

The Monte Carlo simulation method is used to generate data for visual validation. In general, this
method serves to find a mean value of a certain random event. In our case, it is a card position
after shuffling, and the mean value is the number of shuffles when the card ended in the very
same place. Each shuffling is repeated 100,000 time. this value has been chosen because the time
required to complete the simulation is acceptable, and also because the major change in visual
distribution has not been observed when more repeats were performed.

3 Shuffling

Four methods of shuffling will be briefly presented in this section. two methods are rather pure
algorithmic solution useful for general tasks. Other two are common methods for shuffling playing
cards, described in [4, 5, 6].
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3.1 Simple swap

This method was chosen rather to illustrate how the algorithm should not work. But this is
arguably one of the first algorithms that ordinary person would come up with. At first glance, the
algorithm seems to be so simple that it is not possible it does not work. The algorithm itself will
be described first and then its weaknesses.

1. Select one random cards from a deck.
2. Swap chosen card with first untouched card.

3. Repeat steps 1. and 2. until there is no untouched cards left in the deck.

The problem is that this method creates a seemingly evenly mixed order, but after multiple
shuffling, algorithm reveals its imperfections. The flaw of this approach is that the cards are not
equally likely to be picked for swap. This results in a visible visual correlation of certain cards
to certain positions. This, of course, is an undesirable effect, so the algorithm that seems to be
successful at first sight is discarded as inappropriate by simulation. The same conclusions can also
be made by statistical analysis, but that is not goal of this paper.

45

for (i = 0; i < 51; i++)
{
j = random (0, 52)
swap (deck[i], deck[j])
}

Time complexity big O of this approach is O(n).

3.2 Fisher-Yeates

This is an algorithm, although very similar to previous one, is designed to generate a random final
sequence of ordinal values. In our case, the sequence of 52 values (cards). This is a very effective
algorithm that ensures that each of the possible permutations is equally probable.

{
j = random (i, 52)
swap (deck[i], deck[j])

}

Time complexity of algorithm big O is O(n).

3.3 Riffle shuflle

Riffle shuffle is a professional style of shuffling cards that is also used by general public. Unlike the
Fisher-Yates, this method is only associated with card shuffling as it would be highly inefficient to
use this algorithm for general purposes.|[7]

1. The deck is divided into two approximately equal halves.
2. Both halves are hold side by side.

3. By slide of hands, cards are randomly left to fall. Cards are falling randomly from both
hands and forming new pile in the process.

4. After the last card is used, the deck is complete and the process can be repeated.

Throughout the shuffling process, there are several elements of chance. Splitting of the deck
into two halves is described by a binomial distribution with a parameter

) =5 (7). )
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where x is the number of cards for which we want to calculate the probability of being next.
Another element is the half from which the cards are falling into a newly formed pile. The last
variable is how many cards from one half are moved. That amount is based on probability

p(A) = a7+b’ (2)
p(B) =1-p(4), 3)

where A, B are both halves of the deck and a, b are current amounts of cards within. Which means
that there is a higher probability that card from hand with more cards will be next.

currentl = a—1
current2 = 51

for (i = 0; i < 52; i++)

{
if (random < (a / (a + Db)))

deckNew[i] = deck[currentl]
currentl = currentl — 1

}

else
deckNew [i] = deck[current?2]
current2 = current2 — 1

}

Time complexity big O is also O(n).

3.4 Overhand shuflle

Overhand shuffle is a style of mixing cards, which is widely used among general public, and is also
one of the easiest to perform. whole goal is to repeatedly reallocate uninterrupted group of cards
from top to bottom.

1. Remove a random number of cards from the top of the deck.
2. Put these cards in the second hand so they are stacked at the top of the new pile.

3. Repeat the previous two steps while there are some cards remaining at first hand.

With this mixing style, the only parameter is, how many cards are removed at one time from
the top of the deck. It would be a mistake to assume the same number of cards would always
be taken during one pass, neither could we assume that each individual person grabs the same
number of cards.

current = 0

for (i = 0; i < 52; )
{

x = random (min, max)
current = current + x 4+ 1

if (current > 52) current = 52
for (k = 0; k <= x; k++)
{

j = 52 — current + k
deckNew [j] = deck[i]
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}

Time complexity of this algorithm big O is also O(n).

4 Results

Now the results of the individual algorithms, together with their graphical evaluations will be
presented.

4.1 Simple swap

2 32 4 5 6 7 8% 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37T 3B 39 40 41 42 43 44 45 46 47 48 495 50 51 52
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Figure 1: Visual result of the simple swap algorithm.

From results Fig.1 is clear that simple swap algorithm generate a pattern. From the color
scheme, it is easy to conclude that certain cards are strongly correlated (positively or negatively)
with certain positions. The assumption that this mixing method does not generate random distri-
bution was confirmed, and therefore is not suitable for mixing cards or for general randomization.
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4.2 Fisher-Yeates
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Figure 2: Visual results of Fisher-Yeates algorithm.

As expected, it is clear from Fig.2 that Fisher-Yates has flawless results. Relative occurrences
are evenly distributed. Although this result is not surprising, the implementation of this algorithm
contributed to verifying the functionality of the methodology that was created.

4.3 Riffle shuffle

Based on Fig.3 is obvious that in order to achieve the same satisfying result as Fisher-Yates, it is
necessary to repeat the riffle shuffle seven times. The results of the research from the Diaconis [2]
were confirmed by this simulation method.

4.4 Overhand shuflle

There is no research on overhand shuffle that would clearly specify shuffling parameters. so these
parameters and their values had to be estimated. With this method, it is not necessary to divide
the deck into two halves, so the only identified parameter is the number of cards that are moved
in one shuffle. The following scenarios are purely hypothetical.

Czech-Japan Seminar 2018



e e e e eeeeeer b bbbibbbbibhhostessssssssseddddsdddsssns

an ENEEEEEEEEEEEE

e e ettt b biibbbbbhhoseosssesssssdddsssdddsss

 EEEEEEEEEEEEEE BN

Figure 3: Visual results of riffle shuffle after 1, 3, 5 and 7 repetitions respectively.

4.4.1 Scenario A:

Fig.4 Person grabs fewer cards in one move. This quantity is given by uniform distribution with a
minimum and a maximum of 4 and 13 cards.

4.4.2 Scenario B:

Fig.5 Person grabs a larger amount of cards in one move. This quantity is again given by uniform
distribution with a minimum and a maximum value of 10 and 20 cards.

4.4.3 Comparison:

In scenario A, 80 repetitions were needed to achieve a result that could be considered satisfactory,
although it is still possible to find a certain bias in the distribution of the cards. For scenario B,
however, we only needed 30 repetitions to achieve results that meet our requirements for random
distribution.

The first conclusion is that it is better to grab cards in larger portion, which also contributes
to a faster shuffling.

But the second conclusion is that this shuffling method is less efficient than the previous riffle
shuffle, where only seven repetitions were enough to achieve the same result.

Czech-Japan Seminar 2018

49



50

5 Discussion

Selected techniques are just few among many. These four were selected because they were well
described and therefore suitable for calibrating our method that is now robust enough to test other
shuffling methods that could offer more surprising results. Other algorithms include Hindu shuffle,
Pile shuffle, Corgi shuffle,r Mongean shuffle and more.

Although the Overhand shuffle has only one parameter, it would be possible to create more
real life scenarios. The number of cards removed is certainly not evenly distributed. People in one
shuffle pass can change the number of cards without restrictions. Occasionally, cards may not fall
on top of the newly created deck, or not all the cards are removed from the top of the deck.

Although the results are overall sufficient the method of validation is not without its flaws.
For more accurate analysis, it would be necessary to implement the validation of a large number
of different patterns that could not be easily spotted by this visual method. Such patterns may
include, correlation of two or more cards in regards to their positions.

6 Conclusion

Article presented an issue of random distribution of the playing cards in a deck. Four common
algorithms were selected and subjected to a test that should verify if those algorithms truly generate
random distribution of the cards in the deck. For that purpose was presented a simple visual
method to detect correlation of cards with certain positions that could easily disqualify tested
algorithm. same technique can be used with other mixing algorithms as well.

Acknowledgement
Financial support of the project TACR ETA TL01000300 is gratefully acknowledged.

References

[1] Malgorzata Figurska, Maciej Stalezyk, and Kamil Kulesza. Humans cannot consciously generate
random numbers sequences: Polemic study. Medical Hypotheses, 70(1):182 — 185, 2008.

[2] Persi Diaconis. Mathematical developments from the analysis of riffle-shuffling. In Groups,
Combinatorics and Geometry, pages 73—97. World Scientific, 2003.

[3] Dave Bayer and Persi Diaconis. Trailing the dovetail shuffle to its lair. Ann. Appl. Probab.,
2(2):294-313, 05 1992.

[4] Persi Diaconis. Mathematical developments from the analysis of riffle shuffling. 2002.

[5] Richard Durstenfeld. Algorithm 235: Random permutation. Commun. ACM, 7(7):420—, July
1964.

[6] Robin Pemantle. Randomization time for the overhand shuffle. Journal of Theoretical Proba-
bility, 2(1):37-49, 1989.

[7] Persi Diaconis, Jason Fulman, and Susan Holmes. Analysis of casino shelf shuffling machines.
Ann. Appl. Probab., 23(4):1692-1720, 08 2013.

Czech-Japan Seminar 2018



51

ettt etcectoconcornsssostttttttcttettsnsonsssssnns e e eeeeacesonsosonsosnsssddtdddddddddds>>>>555555555

eiiieeetetctonessesesesesntttntecstanisssssossnnsns

e e eeaesseosssssossssdditaddddddddds>>>5555555555

fao0x<nmcoonnn

2.0x<nnvounen

e-0x

60 and 80 repetitions

, 10, 20,

2

)

Figure 4: Visual results of overhand shuffle scenario A after 1

respectively.

Czech-Japan Seminar 2018



52

e eeeessotsssssnsssdddtddddddtdddd>>555555555>

e et Eeaassetssssossssdddtddddddddds>>5555555555

e eeeacesosssssnsssssddddddddddddas»>>5555555555

10 and 30 repetitions respec-

’37

2

b

Figure 5: Visual results of overhand shuffle scenario B after 1

tively.

Czech-Japan Seminar 2018



53

Accuracy Score of Convergence of Estimated
Interval Weights in Interval AHP

Issei Torisu! and Masahiro Inuiguchi?

L' Graduate School of Engineering Science, Osaka University
1-8, Machikaneyamacho, Toyonaka-shi, Osaka, 560-8531, Japan
torisu@inulab.sys.es.osaka-u.ac. jp

2 Graduate School of Engineering Science, Osaka University
1-8, Machikaneyamacho, Toyonaka-shi, Osaka, 560-8531, Japan
inuiguti@sys.es.osaka-u.ac. jp

Abstract

Interval AHP [1] is proposed to estimate interval weights from a pairwise comparison
matrix for representing the vagueness of human evaluation. Several interval weight
estimation methods have been proposed in order to improve the estimation quality [2].
As the desirable properties of the interval priority estimation method, (1) the observed
pairwise comparison matrices should be realizable under the estimated interval priority
weights, (2) the correct crisp priority weight vector is estimated from a perfectly consis-
tent comparison matrix, and (3) the estimated interval priority weight vector satisfies
the normalization condition, have been considered so far.

In this paper, as an additional desirable property for an interval priority weight estima-
tion method, we consider the increasing convergence of the quality of estimated interval
priority weights with respect to the number of observations of the pairwise comparison
matrix. This convergence implies that the quality of the estimated interval priority
weights is improved and converges to a certain value as the preference information
obtained from the decision maker increases.

By a numerical experiment, we show that previously proposed interval priority weight
estimation methods do not possess this convergence property although the initial es-
timation quality is sufficiently good. Then we propose several interval priority weight
estimation methods having this convergence property as well as a sufficiently good
initial estimation quality.
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Option pricing is an important part of market practice. In literature, one can find several models
and methodologies for option pricing, e.g., the Black-Scholes models, Heston or Lévy model. It
is well-known that no analytic solution can be found for certain classes of more complex models;
therefore, instead of an exact solution one seeks an approximate solution by means of classical
numerical methods such as finite difference or element method, Monte Carlo method or modern
methods like the discontinuous Galerkin method (see, e.g., [1, 2]) or Galerkin methods with wavelet
bases (see, e.g., [3, 4, 5]).

Among modern approaches to the numerical solution of (partial) differential equations one
can also include finite difference and finite element based methods that use the fuzzy transform
technique in their designs (see, e.g., [6, 7, 8, 9, 10]). Recall that the fuzzy transform (F-transform,
for short) was introduce by Perfilieva in [6] (see also [11]) as a soft computing method that is used
for the approximation of functions. The F-transform has two phases: direct and inverse. The
direct F-transform transforms a bounded continuous (integrable) real function with the help of
fuzzy sets of a fuzzy partition of a given space (e.g., an interval or a product of intervals) to a finite
vector of real numbers that are called the components of F-transform. The inverse F-transform
sends the latter vector back to a continuous function as the result that approximates the original
one.

In [12], we proposed a solution of the Black-Scholes model with one asset by a numerical
method, which combines the finite difference method and the F-transform technique. Note that
the one-asset Black-Scholes model is a partial differential equation (PDE) describing a single plain
vanilla option pricing problem. If o denotes a constant volatility of the underlying asset S and r
is a constant risk-free interest rate, then the price of the option V(S,¢) is obtained by solving the
following backward PDE (see, e.g., [13]):

OV 1 5,02V OV B
5 50 S g —rSHg V=0, (1)

where V' : (0, 5™2*) x (0,T) — R, which satisfies the following boundary and initial conditions:

V(0,t) = V(™) = h(S), te (0,T),
V(S,0) = g(S), S € (0,5™).

Our proposed method has several steps. First, we transform (1) to a homogeneous PDE. Further,
we use the Crank-Nicolson scheme for time discretization, which results in a system of (ordinary)
differential equations. Finally, we apply the F-transform on the left and right side! of each dif-
ferential equation and express the F-transform components of derivatives as the differences of
F-transform components of the unknown function, which is the solution of the homogeneous PDE.
An approximative solution of the homogeneous PDE is obtained as the inverse F-transform of the
solution of the given system of algebraic equations. The approximate solution of (1) is given by
the inverse transformation to that which makes (1) homogeneous.

Although, the idea of the method outlined above is clear and the obtained results are competi-
tive with results of the standard numerical methods, the application of F-transform on the left side
of differential equations has one drawback. Since the F-transform of the product of functions is not
the product of their F-transforms in general, before the application of the F-transform on the left
side of the differential equations, we have to use a trick and replace the coefficients of PDE (e.g.

ITLater we will discuss the application of the F-transform on the left side of differential equations.
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%0252) by their values at the nodes (e.g. %0251»2) over which a fuzzy partition of a given space
is considered. Therefore, the approximate solution of PDE by our proposed method is not found
in an approximate space by solving of equations that are truly the F-transforms of the original
differential equations, but rather the F-transforms of differential equations with discretized coeffi-
cients. Note that the original attempts to apply the F-transform technique in solving of ordinary
and partial differential equations consider the constant coefficients (see, e.g., [6, 7]).

The aim of our talk is to present a novel approach in solving PDE, especially, the Black-Scholes
models, trying to overcome the partial discretization of coefficients in the original approach that
combines the finite difference method and the F-transform technique with the help of variational
calculus. We compare the results of the previous method and the novel one.

Acknowledgement
This work was supported by the project LQ1602 I'T4Innovations excellence in science. The addi-
tional support was provided by the Czech Science Foundation through the project of No.16-09541S.

References

[1] J. Hozman and T. Tichy. A discontinuous Galerkin method for pricing of two-asset options.
In 33rd International Conference Mathematical Methods in Economics, Cheb, ZCU Plzen, pp.
273-278, 2015.

[2] J. Hozman and T. Tichy. DG framework for pricing European options under one-factor
stochastic volatility models. Journal of Computational and applied mathematics, 344:585-600,
2018.

[3] D. Cernd. Numerical solution of the Black-Scholes equation using cubic spline wavelets. In
AIP Conference Proceedings, volume 1789, 2016.

[4] D. Cerna. Adaptive wavelet method for pricing two-asset Asian options with floating strike.
In AIP Conference Proceedings, volume 1910, 2017.

[5] D. Cerna and V. Finék. Valuation of options under Heston stochastic volatility model using
wavelets. In Proceedings - 2017 4th International Conference on Mathematics and Computers
in Sciences and in Industry, MCSI 2017, pages 16-20, 2018.

[6] I. Perfilieva. Fuzzy transform: Application to the reef growth problem. In R.V. Demicco
and G.J. Klir, editors, Fuzzy Logic in Geology, chapter 9, pages 275-300. Academic Press,
Amsterdam, 2003.

[7] M. Stépnicka and R. Valdsek. Fuzzy transforms and their application to wave equation. .J.
Electr. Eng., 55(12):7-10, 2004.

[8] M. Stépnicka and R. Valdsek. Numerical solution of partial differential equations with help
of fuzzy transform. In Proc. of the 2005 IEEE International Conference on Fuzzy Systems
(FUZZ-IEEE 2015), pages 1153-1162, 2005.

[9] W. Chen and Y. Schen. Approximate solution for a class of second-order ordinary differential
equations by the fuzzy transform. Intelligent and Fuzzy Systems, 27:73-82, 2014.

[10] A. Khastan, I. Perfilieva, and Z. Alijani. A new fuzzy approximation method to Cauchy
problems by fuzzy transform. Fuzzy sets syst., 288:75-89, 2016.

[11] L. Perfilieva. Fuzzy transforms: Theory and applications. Fuzzy sets syst., 157(8):993-1023,
2006.

[12] M. Holéapek and R. Valdsek. F-transform based numerical solution of partial differential
equations. Proc. of the 20th Czech-Japan Seminar on Data Analysis and Decision Making
under Uncertainty, pages 54—64, 2017.

[13] F. Black and M. Scholes. The pricing of options and corporate liabilities. Journal of Political
FEconomy, 81:637-659, 1973.

Czech-Japan Seminar 2018

59



60

Proposal of probability risk Evaluation for System
Development Project Based on Requirements
Analysis and Bayesian estimation

Shinji Mochida!

L University of Marketing and Distribution Sciences
Shingi_Mochida@red.umds.ac.jp
Japan

Abstract

All companies employ business systems. Additionally in most business system devel-
opment projects are planned in order to reduce amount of running cost or increase
benefit. Thus more efficient project management is needed in order to meet schedules
and reduce cost. Although there are several stages in business system development
projects. There are some factors that cause over cost or schedule delay of projects.
Especially proper requirements from customer is the most essential in project man-
agements. Also accuracy of estimates is essential. Although there are plus and minus
risks in project management. So it is needed to take into account minus risks. Thus
this paper proposes the method to calculate probability of accuracy of estimates and
considering plus and minus risks with Bayesian estimation in project management.

Keywords: Risk Evaluation System, Development Project,Requirements Analysis,Bayesian
estimation.

1 Introduction

Business System development projects are challenging in that are many requirements demanded
from customers even while these requirements are proposed with the same priority. Thus it is
important to narrow down and prioritize requirements according to their essentiality and criti-
cality to finish on schedule. Although system developers estimate according to the complexity
of projects [2], but customers expect the cost to be based on the number of requirements they
propose. Then customers and system developers estimate differently, there are often conflicting
estimates. Thus, this paper proposes cost share rate for business system development projects
based on requirements analysis in order to estimate accurately. Cost share rate is defined as the
percentage of total cost assigned to each requirement.Cost share rate could distinguish essential
requirements. And requirements that has large cost share rate must have large risk, also should
be under strict control. Because big change or modification for essential requirement give large
impact to costs or schedule. Then this paper aim to propose a method to identify essential re-
quirements in order to estimate accurately. And there are plus risks and minus risks in project.
Although usually minus risks are taken in to account.Then risks are assigned to each requirements
with cost share rate.Cost share rates show accuracy of estimate and probability to finish under
budget and on schedule. This research shows potential for predicting cost share rate accurately
using Bayesian estimation considering plus and minus risks. One purpose of this paper is show-
ing that risk management could contribute reducing cost of business system development project.
Additionally this paper demonstrates the potential to evaluate risk by requirements analysis for
business system development project management with Bayesian estimation. This research is not
focused on estimating costs based on the method to measure amount of source code of system, but
rather allocating costs to each requirement. Previous research typically focused on either sched-
ule, cost estimation or productivity. Improving productivity contribute to finish project fine[3].
About changing requirement in mechanical engineering design, one example of requirements anal-
ysis research explored the ability of predicting requirements change through graphical models of
the requirements documents and historical change trends[4]. There are plus and minus risks in
system development project. although there are no research that refers subjective factor. This
paper propose the method take into subjective factor in account with Bayesian estimation.
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2 Project management and Risk management

2.1 Project management and Risk management

In project management there are two important methods[5]. One is schedule management, and
another one is risk management.On the other hand Equation 1 shows there are controllable factors
or uncontrollable factors in business. Sale is uncontrollable factor, because sale come under the in-
fluence of markets, customers. Although cost is controllable factor, cost includes payment,material
costs, for example, payment for staff could be cut off by manager. It is important to identify
which factor is controllable and uncontrollable. And how appropriately controllable factor could
be controlled. Also there is possibility uncontrollable factor could be controlled with Bayesian
analyses.Usually extra budget is settled aside for refinement or fixing trouble in project manage-
ment. This extra budget is called for contingency budget or only contingency. If risk management
would work well,contingency budget would not be used, then contingency budget would come to
benefit. At the result prospect of profit would increase. Thus risk management could contribute
reducing contingency cost,And risk management has potential to increase contingency profit.

Gaining = Sale — Cost (1)

2.2 Risk analysis

Risk is defined as factors that make uncertain when they will achieve their objectives under
ISO31000. Usually risk Analysis is started from risk identification in risk management. Then,
risk evaluation is considered by qualitative evaluation and quantitative evaluation. Thus quanti-
tative risk analysis is calculated by possibility x cost. This calculated risk(cost) should be spend
,if risks comes up. It is called expected monetary value. Risks is evaluated by expected monetary
value Equation 2. And risks are prioritized by the order of expected monetary value. In quantita-
tive evaluation for risk management usually probability is given subjectively by staffs subjectively.
Or probability is given by experts, Delphi method or questionnaire for skilled staffs. Thus getting
accurate probability is very essential to cucullate expected monetary value correctly. Thus this
paper takes into account § distribution to calculate probability,and expect monetary value. This
paper propose conditional possibility in order to cucullate risk correctly. It is very essential point
in risk management there are plus and minus risks, in addition probability is subjective;(see Fig-
ure 1).In this research conditional possibility is given to essential risks. In many project risk comes
up by misunderstanding requirements or defects in requirements from clients in business system de-
velopment project. It is vital to get certain requirements and predict risk in requirements properly.

Risk(Expected Monetary Cost) = Probability x Cost (2)

3 Cost Prediction Methods for Business System Develop-
ment

3.1 Cost Prediction Methods

Proper estimate is essential to finish projects on schedule and under budget. Over cost or schedule
delay is caused by missing estimate. Usually amount of program source code is predicted by some
prediction method in order to estimate in business system development project. Then amount of
program source code is converted into base monetary cost. Next total cost is made by adding
contingency cost to base monetary cost. It is finally budget for project. Then this section explains
some current methods to predict costs of business system development projects. There is typical
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Figure 1: Plus and Minus risks in system development project

methods to estimate for business system,typical methods;COCOMO method and Function Point
method. Both methods predict costs for business system. In case of COCOMO method, it esti-
mate by amount of program source code.On the other hand In case of Function Point method it
accumulates points according to the complexity of system;the number of db tables,dialog boxes,
print forms and interfaces. Acquired points could be converted into cost.

3.2 COCOMO Method

COCOMO Method|6] estimate the duration (Person-Months) in system development projects. In
the COCOMO method, volume of source code is estimated by Equation 3. Duration (Person-
Months) could be calculated with dividing volume of source code by the number of staffs. CO-
COMO Method propose Equation 3. And it uses the parameters as follows: Co,Ce, P1, P2, and P3.

Ce: estimate duration (PM:Person-Months) for expectation

Co: estimate volume of source code

P1: parameter for estimated productivity

P2: exponent parameter for software development

P3: calibration parameter

A challenge with this method is the parameters used for the cost estimation method are empir-
ically derived and contextually dependent on many different factors, such as team size, project
complexity, cultural environment, and others.

Ce :(Cox Pl)P2 X P3 (3)

3.3 Function Point Method

Function Point Method estimate duration (PM:Person-Months) as those of COCOMO methods
[5][6]. In the Function point method it is necessary to count the number of internal and external
files, tables and internal and external interfaces. Function Point Method propose equation 4.And
it uses the parameters as follows: Ce,Fp, F1, P1, and P2.

Ce: estimate duration (PM:Person-Months) for expectation
Fp: estimate function points

F1: function points

P1: parameter for estimated productivity
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P2: calibration parameter

CEZ(FPX Pl)7 Fp:le P2 (4)

3.4 Other Methods to Estimate

Additionally,there is another cost estimate method as Experience method.In the experience method,
total cost is estimated based on previous experiences. In these methods, there are often gaps be-
tween system developers cost estimates and customer expectations. This results from differences
in how developers and customers group costs. Estimating correctly is important to finish building
system on schedule and under budget. Thus, translating requirements into factors to estimate is
essential. Certain requirements are needed to estimate properly. But there is no cost estimate
method taking certainty of requirements into account.This paper considers taking certainty of
requirements into account to estimate in order to gain customer agreement.

4 Requirement Analysis using Linguistic analysis

Taking correct requirements is essential to estimate properly.And over cost or schedule delay is
caused by missing evaluation of requirements. Otherwise over cost or schedule delay is caused
by many remediation of requirements. Remediation for essential requirement and uncertain re-
quirement has large risk.thus It is vital to distinguish the requirement which gives large impacts
to specification or budget of project.This research propose the method to distinguish influential
requirements that has large risks.This paper shows a method to distinguish an influential require-
ments with with linguistic analysis and cost share rate. Cost share rate is defined as the percentage
of total cost assigned to each requirement. This paper analyzes the requirements that were re-
quested in past small system development projects by linguistic analysis. This small project is
building a knowledge collecting system. In this project requirements were revised four times.
Thus this paper analyzes requirement version one and version four. This paper predict risks from
the result from analyzing requirement version one. Risk is considered as cost in risk manage-
ment. This results;acquired cost is compared with the actual cost at the completion of project.
If risk for requirement could be predicted properly, it would contribute project management. In
this research,overlapping keywords are extracted form each requirements with linguistic analysis.
Overlapping keywords are words that appear in one requirement and groups of keywords that
appear in each category or phase in system development project. Categories or phases are Design,
Development, Print, Test, Interface and Document. Overlapping keywords indicates relationships
between one requirement and each other. The number of relationships that each requirement has
with other requirements indicate essentiality and importance. Steps of linguistic analysis are as
follows:

(1) Extract keywords from each requirement in version four. (see Figure 2).

(2) Count overlapping key words from extracted keywords, also count overlapping key words from
extracted keywords in version four(see Figure 3).

(3)Distinguish essential requirements by counting the number of over lapping keywords and subjec-
tive cost share rate from three engineers, and measure the distance from most essential requirement

to each requirement in version four (see Figure 4).

(4)Distinguish essentiality of each requirements from these results, and distinguish categories that
each requirements belong in version one.
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Figure 5: Cost share rate of requirement version four

5 Prediction of Cost Share Rate

Usually costs for system development projects are estimated by grouping costs with the number of
dialog boxes, interfaces or print forms . Alternatively, costs may be estimated by associating cost
to logic design, development, test, adjustment and documents; but, not according to the require-
ments .System developers estimate according to the complexity of projects, but customers expect
the cost according to the number of requirements. Thus, customers could not understand the
estimates provided by system developers. This paper shows a method to calculate cost share rate
for each requirement in order to evaluate requirements accurately with mutual understanding of
the developer and customers. Also cost share rate indicates importance of each requirement.Cost
share rate is defined as the percentage of total cost assigned to each requirement. Figure 5 sows
cost share rate of version our of past project. Although in this research cost rate(%) for each
requirements are subjective figure from the two staffs that worked on this system development
project. And cost share rates are gained by multiply cost rate by cost under the estimate. This
cost rate and estimated cost are the value that according to the category.

6 Probability Prediction of schedule delay

This paper aim to predict risk of system development project based on requirements analysis. This
paper consider one of risk of system development project is schedule delay. Thus this research sup-
pose probability of schedule delay follows g8 distribution(see Equation 5),Sample data in Table 1
are surveyed in past system development project; Rdf system for tool tracking in machine factory.
Then parameters (see Table 2) are gained by curve fitting sample data into 8 distribution. In this
analyzing process x is probability parameter that indicates start day for each task, and y is ratio
for schedule delay against actual days. Table ?? shows that survey/preparation,design and pro-
gramming process have risk of schedule delay.Although test and writing document process have no
risk of schedule delay.Figure 6 shows 3 distribution curve in this case from parameters(see Table 2).

fla)=cxa® H(1—a)f (5)

7 Risk Prediction for business system development project

Figure 6 shows that probability of schedule delay is 0.225. Thus this research assign probability
of risk;0.225 to essential requirements that distinguished by requirements analysis.Actually Ta-
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Table 1: Sample data from past project

Item Survey/ Design Programing Test

(days) | Prepare | Dia. | Fun | DB | Dia. | Fun | DB | Test | Doc. | Sum
Schejule 11 29 27 27 9 58 39 3 13 216
Actual 35 34 36 27 9 55 62 2 7 267
Delay 24 5 9 0 0 -3 23 -1 -6 51
Prog 0 0.52 | 0.6 | 0.59 0.7 | 0.74 | 0.59 | 0.95 | 0.93

Prog.:Progress Rate Fun:function Doc.:Document Dia.:Dialog

Table 2: Acquire Parameter for 8 distribution
C «@ B8
0.839835 | 1.020625 | 3.047617

ble 3 shows that requirement3 and requirement4 are about design and development, requirement6
is about development.These requirements are essential, and assigned probability of risk as 0.225.
Requirement1 is about Main Design,and assigned probability of risk as 0.1,because in past three
project contingency is set as10% (see Table 4). Contingency is set for refinement.Refinment con-
tains deleting,adding or refactoring.Table 4 shows occupying cost rate for each work process from
surveying of past system development project; medical record system,knowledge management sys-
tem.Thus risk is calculated probability of risk X cost(see equation 2),cost is analyzed by cost share
rate. In estimated cost of requirement version one estimated total cost is 109(see Table 3).And at
completion actual total cost is 109.1(see Table 3). At the result these results are equal.

8 Bayesian estimation

At the start of project costs are estimated. Also accuracy of estimation is needed. However,
usually estimate isn’t accurate . There are reasons why there are subjective factors, and the
accuracy of the requirements is low in the beginning of project. Thus, this paper propose the
method to estimate of the project properly using Bayesian estimation(expression 6) and cost share
rate proposed in before section. The proportion of breakdown of cot in the past actual projects
is shown(see Table 4). This table shows there are over cost as 10% in almost project. Table 5
shows actual cost and budget of small system development project. From this table the proportion
of actual and budget is 100/104=0.96. Also the rate of over cost is 0.1 from past project(table 4
). Thus these figure 0.96 and 0.1 are inputted into Bayesian estimation(expression 7)[6]. So the
result of factor P(Est — Obud)=0.72 is gained. It shows accuracy of estimation of staffs. Also this
figure is reasonable from experience in past projects. Also this results shows potential of gaining
accuracy of estimation from staffs with Bayesian estimation.

P(A|B)P(B)

P(BI4) = =50

(6)
P(Obud|Est) =
P(Est|Obud)P(Obud)
P(Obud)P(Est|Obud) + P(Obud)P(Est|Obud) (7)
Obud : Proceedon budget Actually

FE'st . Estimation
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Table 3: Estimated budget from requirement version one with risk analysis
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Requirement | Attribute | Cost Share | Schdule Conditional | Monitary Risk | Estimated
Version one Rate Ver delay Probability | (Contengency) | Cost Ver
one(%) Probability one
Requirement1 M 22.5 0 0.1 2.25 24.75
Requirement?2 25 0 0 0 25
Requirement3 D/De 5 0.225 0 1.125 6.125
Requirement4 D/De 7.5 0.225 0 1.6875 9.1875
Requirementb 22.5 0 0 0 22.5
Requirement6 De 17.5 0.225 0 3.9375 21.4375
Toatal 100 9 109
M:Main, D:design, De:Development
1 Probabilistic
Distribution
0.8
Gravity Center
0.6 x=0.225
0.4
0.2
Duration
0
0 0.2 0.4 0.6 0.8 1

Figure 6: Beta distribution from past project

9 Conclusion

Meeting budget, finishing on schedule, and maintaining high quality are all important in project
management. If cost and duration would be gained accurately, meeting budget and finishing on
schedule would be achieved and managing project well. Estimate miss by developer causes finally
over cost and schedule delay. Subjective factor and inaccuracy in requirements are reasons why
estimate miss is caused. Generally estimate is measured by amount of source code of system
or complexity of system. Also it is not estimated based on essentiality or risk of requirements.
Misunderstanding of requirements and subjective factors cause misses in estimate or schedule.Then,
this paper proposes cost share rate to measure essentiality of requirements in order to estimate
accurately. Cost share rate is defined as the percentage of total cost assigned to each requirement
Usually on risk management risks are evaluated according to staffs’ experience. Also risks are
not evaluated based requirement analysis. Evaluating risk properly is needed in order to manage
project well. Thus this paper show better results by using cost share rate from requirement
analysis. Additionally, this method helps prioritize requirements and narrow down specifications
of the project. Prioritizing requirements and narrowing down specifications accurately help ensure
it meets budget and duration targets. Additionally, this paper shows possibility to obtaining
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Table 4: Data from past project

Project | Design | Development | Testing | Document | Refinement | Total
P1 3 4 1 1 1 10
P2 1 6 1 10
P3 1 6 1 1 1 10

Average 1.7 5.3 1 1 1 10

Table 5: Actual cost and budget of small system development project

Rwq Contents First | Final
Reql main 10 6
Req2 rfid tag 13 10
Req3 gate 5 7
Req4 gate 5 7
Req5 process 5 7
Req6 exception 5 7
Req7 deleted
Req8 limit 2 1
Req9 limit 2 1
Reql0 | tag type 2 2
Reqll | exception 2 2
Reql2 | deleted
Reql3 | dialog 13 14
Reql4 | process 5 8
Reql5 | tag type 2 2
Reql6 | output 2 2
Reql7 | authority 2 2
Reql8 | process 5 5
Reql9 | maintenance 5 5
Req20 | process 5 5
Req21 | limit 2 2
Req22 | schedue 8 9
Total 100 104
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probability for risks accurately with cost share rate and Bayesian estimation. However, this result
was obtained by small case. Thus further research and study is needed to refine and improve this
method to obtain cost share rate and risk more accurately.

10 Discussion

Customers and developers estimate costs differently, resulting in differing expectations for project
cost. Because in business system development projects there are many ways to implement re-
quirements, there are large variability in translating user’s requirement into system specification.
It differs greatly according to staff’s skill. Additionally subjective factors is another reasons why
estimate does not meet final cost. Thus proper estimate by requirement analysis is needed in order
to finish business system development project fine. Also correct probability for risk is needed to
build proper estimate. Requirements have invisible risks. There are plus risk and minus risk.
Minus risk gets prospect of profit worse, but plus risk gets prospect of profit well. But plus risk
is not visible, plus risk is only in mind of staffs individually.This is one reason why estimated
cost:109 match total cost:109(see Table 3). This paper shows potential to estimate accurately with
Bayesian estimation in project managements. Additionally this paper shows potential to predict
risk a accurately using conditional probability and Bayesian estimation [7][8][9].
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1 Background

Population is getting older and an active life-style in an advanced age is good not only for themselves
but also for the society. Active elderly people will be in a better health condition, that means, they
can enjoy more from a longer life. Moreover, healthier older population reduce costs on health care
in general.

Modern technology can help people to enhanced their habits for workouts by monitoring their
activities, by suggesting to be more active or to compare their progress with other people. There
are many different type of sport wearables, each with its own level of measuring and storing the
data.

Different studies deals with a problem of active life of elder people. These studies gathers and
evaluates data about daily routines of elder people. We have created a system which might help
in such studies by automatically gathering data from different sources and by sending predefined
questionnaires. These questionnaires can help researchers to get better and accurate information
from members of a study. Results are automatically processed into the reports for better under-
standing of the data. Researchers can be also notified about problems during study such as low
response rate or lack of data from fitness trackers or other data sources.

1.1 Health react

System called Health React consists of a Server application and an Application for smart phones.
Main purpose of the server application is to gather data from different sources, evaluate them and
send questionnaires to users based on created rules. Primary, the system is designed to gather
data from fitness trackers from various vendors, but there might be different data sources as well.

However, the system is not limited to monitor activities from fitness trackers. It can be con-
nected to different systems providing data and reacts based on predefined conditions (e.g. if persons
stays in the bed each day for unusually long time for a few days in a row — system can send a
questionnaire about health state or mood).

Gathered data are automatically processed and reports are sent to the users, researchers or
doctors. There might be different layouts and information in the reports. Users get an overview
about goals they achieve, researchers might be interested in comparisons of different users or groups,
for doctors, information about unusual behavior or change in persons habits might be important.

Visualization of the data helps to better understand what are behind them. Graphs are auto-
matically created from the gathered data and inserted into the reports.

Fitness trackers provide various data such as data about sleep, its stages and quality, number of
steps per given time frame, heart rate. Other indicators might be computed based on the gathered
data such as activity classification depending on heart rate and steps.

During the presentation, the system will be introduced with a deeper insight into the reports
created during a pilot study.
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1 Introduction

Itching is caused by many kinds of skin diseases and it makes a patient to scratch the skin.
Scratching relieves the itching temporarily, however, it deteriorates the skin condition. In general,
the scratching motion is monitored because the time length of scratching is related to the severity
of the skin diseases accompanied by itching. A diagnosis based on monitoring scratching while a
patient is awake is not so accurate because the patient can deliberately control scratching motion
during a waking day. On the other side, a patient scratches the skin without restraint while
the patient is asleep, so monitoring nocturnal scratching achieves more effective diagnosis. The
information on scratching time is converted into an index known as TST%, which is the ratio
of the total scratching time (TST) to the total measurement time during sleep. Measurement of
the nocturnal scratching time is currently conducted using an infrared camera in hospital [1], [2],
though this measurement method can violate the privacy of the patient. Thereby, some privacy-
conscious methods have been recently proposed. As one of high-accuracy monitoring methods, a
wrist-worn accelerometer is proposed [3], [4]. Although the method doesn’t invade the privacy of
the patient, the sensing device is obtrusive. In this paper, we propose an unobtrusive scratching
estimation method with sensing devices based on piezoelectric ceramics. In addition, this paper
presents the signal processing for estimating TST from output signals from piezoelectric ceramics.

2 Proposed Sensing Device and Signal Processing Flow for
Estimation of TST

We devise a sensing device that measures the vibration due to scratching motion on a bed. The
device is consisted of a piezoelectric ceramic, an upper metal plate, a lower metal plate and a
cylinder-shaped metal spacer. A cylinder-shaped spacer is sandwiched between the upper metal
plate and the lower metal plate. A piezoelectric ceramic is attached on the back side of the
upper metal plate. The sensing device is placed under each leg of the head side of a bed frame.
Piezoelectric ceramics bend beneath by the weight of the bed. Under this equipment, we can
obtain the vibration due to scratching motion of a patient lying on the bed as electric signal from
the piezoelectric ceramic. Let the output analog signals from the sensing device place under the
right and left leg be I.(¢t) and I;(t) respectively. I.(¢t) and I;(t) are imported into a computer
through A /D converter as digital signals I,.(k) and I;(k). Moreover, let the max amplitude of I,.(k)
and I;(k) be maz, and max;. From I.(k), I;(k), maz, and max;, I(k) is calculated as shown in

equation (1).
maz,

I(k) = I.(k) + 1y (k) (1)
I(k) is analyzed by continuous wavelet transform with the mother wavelet of Morlet. W (f, k)
is the wavelet transform of I(k) and it represents the intensity of signal component of frequency
f at discrete time k. A(f, k) has an absolute value of each element of W(f, k). Then, A(f,k)
is factorized into two matrices V(f,m) and H(m,k) by nonnegative matrix factorization with

max;
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order m. H(1,k), the first row vector of H(m,k), is used as feature vector F'(k). The optimal
threshold 7 for estimation of scratching is determined utilizing ROC curve. The intersection point
of ROC curve and the line, which connects the two points p; and ps, is calculated. At the point
p1, true positive rate is 1 and false positive rate is 0. At the point po, true positive rate is 0 and
false positive rate is 1. The threshold value corresponding to the intersection point is used as the
optimal threshold 7. If F(k) is greater than 7, the discrete time k is estimated as scratching time.
Otherwise, if F(k) is less than or equal to 7, the discrete time k is estimated as not scratching
time.

3 Result

In order to validate the proposed method, we implemented the validation experiment. The
sensing devices are placed under the legs on head side of ordinary bed frame. Output signals
are imported through A /D converter (NR-2000, KEYENCE CORPORATION) in which sampling
interval is 10ms and the measurement time is 30s. We obtained 14 data from 4 subjects. After
obtaining informed consent from each subject, the experiment is implemented. At the start of
experiment, the subject lies on the bed with his arms and legs straight. During the measurement,
the subject is required to scratch the right cheek at an arbitrary timing. When the subject starts
and finishes scratching, the subject touches a piezoelectric ceramic placed near the other hand and
it is used as reference data. Then, the subject puts the arm to the original position. Order m for
nonnegative matrix factorization is set to 2. Using the estimation result, we count the true positive
(T'P), true negative (T'N), false positive (F'P), and false negative (F'N). In order to evaluate the
method, sensitivity, specificity, positive predictive value (PPV'), negative predictive value (NPV),
and F_value are calculated from TP, TN, FP, and FN as shown in equations (2)-(6).

sensitivity = _rr (2)
YZTP+FN
e TN
speci ficity = TN FP (3)
TP
PPV = ——— 4
v TP+ FP )
TN
NPV = rN v N 5)
2TP
F _value = (6)

2TP+ FP+ FN

As the result, we obtained 0.97 of sensitivity, 0.97 of specificity, 0.93 of PPV, 0.98 of NPV,
and 0.95 of F-value, respectively.

4 Conclusion

Monitoring nocturnal scratching is effective for diagnosing the severity of skin diseases. However,
the TST calculation method using an infrared camera has a problem of privacy violation. As one
of high-accuracy monitoring methods, wrist-worn accelerometers is proposed although the sensing
device is obtrusive. In this paper, we proposed the unobtrusive scratching monitoring method
using piezoelectric ceramics and achieved 0.97 of sensitivity, 0.97 of specificity, 0.93 of PPV, 0.98
of NPV, and 0.95 of F-value, respectively. We succeeded in estimating scratching motion in
unobtrusive and privacy-conscious manner.
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Abstract

Aim of this paper is to present a computer simulation for a prediction of a number
of patients with Alzheimer’s disease (AD) in Japan. Predictions are based on the
population tables and characteristics of the disease prevalence rate in Japan. As a
methodology, a numeric model for the prediction and a statistic evaluation of given
results has been used. Prevalence of the disease has been gained from results of review
papers focused on dementia and AD in Japan. Results show that prevalence rate differs
significantly in various papers based on the year of the study. Simulation compares
different scenarios based on the selected prevalence rate. There is a huge difference in
the results according to chosen prevalence rate. The maximum of predicted patients
with AD vary from 4 to 8 millions of people depending on the chosen prevalence.

Keywords: Prediction, Numeric model, Alzheimer’s disease, Japan, Population

1 Introduction

Dementia has become a serious medical, social and economic problem, especially in developed
countries where a population is getting older. Alzheimer’s disease is the most common type of
dementia with 60 %—80 % cases of Alzheimer’s disease.[1] Prevalence rate of the Alzheimer’s disease
is increasing with an age of persons. Japan is the worlds fastest aging society, according to Prince
[2] there is 3.2% of older people, therefore it is crucial to focus on a prediction of people with this
disease. However, there is a lack of studies with detailed data about number of people with AD,
prevalence or incidence rate from recent years or estimations to the future.

Sekita [3] shows, that the prevalence rate of Japanese population (75 and older) with AD have
indeed risen significantly since 1985.

Montgomery [4] discusses economical and social burden that rising AD population puts on
families and whole Japanese medical system. According to their estimation, expenditures related
to dementia have more than doubled from 2002. Ohara [5] just confirm very much the same trend
for more recent past.

Life expectancy rise will most likely significantly impact the structure of Alzheimer’s Disease
patients in the future. In case that we could accurately anticipate population development and
specifically development of AD trough population, we would have a helpful instrument for different
fields such as monetary burden of treatment of AD patients, mortality expectations, research goals
and more [6, 7].

Population simulations are useful apparatus to predict oncoming changes and to show the drift
in a society. They can help to prepare for the future increased costs associated with the rise of
the population with Alzheimer’s disease. In this paper, a computer simulation for a prediction of
a number of Alzheimer’s disease patients in Japan in next decades is introduced.

Article has structure as follows: Our previous work is in the following section 2. Methodology
and model background is described in the section 3. Results of the simulations can be found at
3.1 and are discussed in the section 4.
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2 Modeling methods

In our previous work, we focused on the selection of a correct methods for creating of simulations.
Three different approaches has been compared in [8]. Numeric models, system dynamic and agent-
based models. Result shows different pros and cons for each method. Numerical models are fast
and enables to create models which are not very complex however it is time consuming to make
changes in models or to add new parameters. For more complex models, where different parameters
are observed and which consist of more complex rules, it is more suitable to use one of the following
approaches.

Advantage of System dynamic models is its interactivity and possibility to create models by drag
and drop, however major changes or adding new parameters is still difficult and time consuming.
Result of a simulation created by this approaches can be found in [9]. Population of European
Union has been simulated until the year 2070 and number of people with AD has been observed.

Agent based modeling enables to change simulation or add new parameters very easy however
this approach is very demanding on hardware resources if the vast population is simulated. Different
modeling languages were compared during a creation of an agent based population in [10]. Results
show that using the RUST programming language can save significant amount of computational
resources and shorten run time of the simulation.

3 Methodology

For this research, a numeric model is created. Population data and disease characteristics are
needed for the initial setup of the simulation. Population data has been gained from [11]. Three
different scenarios of population prediction for Japan can be found in the materials — Low, Moderate
and High. Population is divided into five-years age cohorts and the prediction time starts in 2015
and end in 2100 after 18 steps (each in five year from the previous).

Disease characteristics has been gained from different reviews of literature focused on Dementia
and AD in Japan. According to [4], in a Hisayama study [12], AD prevalence increased from 1.4 %
in 1985 to 12.3% in 2012. This indicates, that older data about prevalence can be insufficient. It
was also shown that relative increase in the prevalence of dementia was insignificant.

Prevalence rate for Japan population has been calculated based on the newest results of a
review paper [13], see Table 1.

Table 1: Prevalence rate by [13]

Study Age 70-79 | Age 80-89 | Age 90+ | Number of subjects
Hisayama (1985) 3.41 19.50 57.14 440
Hisayama (1992) 3.35 13.39 46.43 537

Okinawa (1991-1992) 3.67 14.93 36.83 1481
Hiroshima (1992-1996) 5.67 19.04 41.67 741
Hisayama (1998) 3.99 16.84 35.59 676
Tajiri (1998) 5.18 22.33 51.52 908
Hisayama (2005) 6.86 27.74 53.49 729
Ama-cho study (2008) 6.7 17.8 41.3 432

In the paper, authors summarized epidemiological studies of dementia in Japan. Review is
gaining information from eight large population studies of dementia in Japan. However, missing
prevalence rate for people younger than 65 years old, were obtained from older study Prince (2008)
[14] (see Table 2).

Table 2: Prevalence rate by [14]

60-64 | 6569 | 70-74 | 75-79 | 80-84 | 85+
0.6 1.4 2.6 4.7 10.4 22.1
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We used four different prevalence rates to compare predictions. The first one is the one described
above. We will refer to the result of the simulation with this prediction as ”Basic” model. The
second one is using only an older prevalence according to [14], it would be referred as ”Prince
(2008)”. Moreover, we would like to compare the prediction with the prevalence based on the
incidence from our previous research ([8]). This prevalence seems to be higher than both previously
mentioned, although it is more convenient, both previous prevalence rates are based on researches
not younger than ten years and according to [4], it seems reasonable that prevalence would increase
from that time. This prevalence was not constant for all the prediction time, therefore we chose
two alternatives — mean of the prevalence for each group of age cohorts, and maximal value.

3.1 Results

Models have been run and results can be seen in the following Tables and Figures. Firstly, the
prediction of population has been done based on the data from [11] for all three population sce-
narios. Figure 1 shows there is no difference in a prediction of population with AD for the first 65
years of the simulation.

Prediction of population of AD for three different population scenarios
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Figure 1: Prediction of patients with AD based on three population prediction scenarios.

This is because the three scenarios diverge only for younger population cohorts. This does not
affect older age cohorts hence people with AD. As the simulations go on, young cohorts are getting
older and after 65 years it finally change results in the three scenarios. Example of the population
distribution with the union of the three scenarios in the year 2065 can be seen at the Figure 2.

Depending on this finding, we will further use only the medium prediction scenario. Thereafter,
we can simulate four different prevalence rates as described in the section 3. Results of our
simulations can be seen in the Table 3 in a comparison with the results of a study [15]. Sekine in
[15] studied the prevalence of dementia in Toyama prefecture. The prevalence has increased from
4.7 % in 1985 to 15.7 % in 2014 and based on these values, they made a prediction of a population
with dementia. To be able to compare our result with theirs, we had to multiplied number of
people with dementia by 0.7 to obtained adequate number of people with AD. Sekine [15] made
two predictions — the first one based on estimates of prevalence of dementia in 2014, the second
one as an estimation of a linear regression model (LRM).

It can be seen in the Table 3 and Figure 3 that simulation using prevalence from [13] gives
similar results as [15] first model. Models using EU prevalence (either mean or maximal) gives in
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Distribution of age cohorts of population in the year 2060
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Figure 2: Comparison of distribution of age cohorts in all three considered scenarios.

Table 3: Comparison of results — number of millions of people with AD

Model 2015 | 2025 | 2035
Sekine prediction 1 (2014) 3.4 4.3 5.0
Sekine prediction 2 (LRM) 3.3 5.0 6.8
Our results with Basic prevalence 3.1 4.1 4.9
Our results with Prince (2008) prevalence | 2.2 2.8 34
Our results with mean EU prevalence 4.2 5.3 6.1
Our results with maximal EU prevalence 4.8 6.0 6.9

the most of the cases higher results.

We can also compare the prevalence rate for the whole population of AD patients, means the
prevalence of AD within people older than 65 years. According to [4], the prevalence rate of
dementia due to AD was 12.3% in the Hisayama in the year 2012. This corresponds with our
prediction with mean EU prevalence (see Table 4).

Table 4: Comparison of results — prevalence rate for 65+

Model 2015 | 2025 | 2035 | 2045 | 2055 | 2065 | 2075 | 2085 | 2095

Basic prevalence 9.4 11.3 | 13.0 | 13.1 144 | 16.7 | 16.8 | 16.7 | 17.3
Prince (2008) prevalence | 6.6 7.8 9.0 8.6 9.6 10.8 | 10.8 | 10.7 | 11.0
Mean EU prevalence 12.6 14.5 16.2 16.3 17.8 19.9 20.7 | 20.7 | 214
Maximal EU prevalence | 14.3 16.5 18.3 18.5 20.0 22.4 23.1 23.1 23.8

4 Discussion and Conclusion

Results of the simulations shows predictions of number of people with Alzheimer’s disease in
Japan until the year 2100. We made several prediction scenarios using different prevalence rates of
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Prevalence scenarios
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Figure 3: Comparison of prediction of patients with AD according to different prevalence, see
Table 3

Alzheimer’s disease. Basic model prediction corresponds with the first prediction from [15]. The
population of patients with AD will increase and will reach the maximum slightly over 6 millions
of ill people in 2065. In the worst case scenario, the maximum will be more than two millions
higher with 8 millions of patients. On the other hand, in the scenario with lower prevalence rate,
the maximum will be only four millions of people with AD.

Model is prepared for a future extension in which different affects of drugs or treatments will
simulated and number of people with AD will be predicted,
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Abstract

A compositional model encodes probabilistic relationships among variables of interest.
In connection with various statistical techniques, it represents a practical tool for data
modeling and data mining. Structure of the model represents (un)conditional inde-
pendencies among all variables. Relationships of dependent variables are described by
low-dimensional probability distributions. Having a compositional model, a data miner
can easily apply an intervention on variables of interest, fix values of other variables
(conditioning), or to narrow the context of a problem (marginalization). The model
learning process can be controlled to avoid overfitting of data.

In this paper, we present a new semi-supervised web application that will enable re-
searchers to design probabilistic (compositional) models (both causal and stochastic).
Thanks to the web architecture of the system, the researchers will always have a pos-
sibility to influence the data-based model construction process from any place of the
world. It is also expected that the application of this methodology to practical prob-
lems will open new problems that will be an inspiration for further theoretical research.
Keywords: Data mining, Mutual information, Compositional model, Conditional in-
dependence, Probability theory.

1 Introduction

This paper is a first introduction to a new computer system trying to implement the theory of
compositional models for data-mining. We hope that it will attract researchers to apply the theory
and encourage them in studying it because there are still blanks to be filled.

The basic idea of compositional models is very simple: it is beyond human capabilities to
represent /express/understand global knowledge of an application area - one always has to work
with pieces of local knowledge only. Such local knowledge can be, within probability theory, easily
represented by a low-dimensional distribution. It should be stressed out that, based on the laws
of mathematical statistics, it is evident that the dimensionality of the estimated distributions is
strictly limited by the application of data-based models. Whatever size of data is at our disposal, we
can hardly expect to obtain reliable estimates of probabilities of a 20-dimensional distribution (even
for binary variables). Typically, one can assume that dimensionality of the considered distributions
is between 2 and 8.

1.1 Compositional models

When pieces of local knowledge are represented by low-dimensional distributions, the global knowl-
edge should be represented by a multidimensional probability distribution. The technique of com-
positional models describes directly how the multidimensional distribution is computed/composed
from a system of low-dimensional distributions. Usually, one starts constructing such a model
from a (usually great) number of low-dimensional distributions. Such a model resembles a jig-saw
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puzzle that has a large number of parts, each bearing a local piece of a picture. The goal is to
figure out how to assemble them in a way that the global picture makes sense and reflects all of
the individual small parts. The only difference is that we look for a linear ordering of distributions
in our case.

1.2 Data mining

Generally, data mining is understood to be the process of discovering patterns in large data sets
involving various methods from machine learning, statistics, and database systems. The goal of a
data mining process is not a model itself but its interpretation in the form of a distilled knowledge.

One possible usage of compositional models in data mining stands in the process of model
construction. For example, constructing compositional models from two data files collected in
different cultural environments enables the user to compare the structures of the two models,
revealing qualitative differences between the studied societies, and the comparison of the respective
probability tables enables the researchers to describe the quantitative differences. The already
mined data can serve also in the opposite direction. The supervised approach to model construction
enables the researchers to influence the resulting models in the way that these models are easily
comprehensible and interpretative. The user can have some knowledge about data, based on which
the model is constructed.

1.3 Notation

In this paper, we consider only finite-valued variables, which are denoted by upper-case Latin
characters. Groups of variables are denoted by bold-face characters: i.e., for example, M =
{X,Y,Z,W}. The set of values of variable X is denoted by Xx. Similarly, we use Xp1. Generally,
we use the same notation as in the second paper by same authors in this proceedings [1].

Let us highlight that by a state of a group of variables we understand any combination of values
of the respective variables.

Probability distributions are denoted by characters of Greek alphabet (, v, 7). To highlight
that the given probability distribution is defined over variables a set of variables K we write x(K)
A marginal distribution of k(K) defined for variables L is denoted as x+L.

2 Compositional models

The key element of the theory of compositional models is the operator of composition. To be able
to introduce these models, let us briefly recall its definition and a couple of its most important
properties (to read more about basic properties of the operator of composition, we refer the reader
to [2] and [3]).

For arbitrary two distributions #(K) and A(L), for which ! x+¥M < MEML g their composition
given by the following formula?

r(oHE)N (2t
(2 Vo) = St iy M)
Otherwise, the composition remains undefined.

The operator of composition is used to construct multidimensional compositional models. Com-
posing two distributions, we can define a distribution of a higher dimensionality than any of the
original ones.

By a compositional model of a multidimensional probability distribution we understand a se-
quence of low-dimensional distributions that assembled together using the operator of composition
somehow models the original multidimensional distribution that would be difficult to handle oth-
erwise.

Denoting the low-dimensional distributions k1 (Kj), k2(Kz2), ..., £,(K,), we get the composi-
tional multidimensional model by the application of the operator of composition > to this sequence

15(M) < AM(M) denoted that the distribution & is absolutely continues with respect to distribution A, which in
our finite settings means that whenever k is positive also Amustbepositive.
2Define % =0.
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from left to right: k1>kab>...>k,. (Note that the operator is neither commutative nor associative.)
This sequence of probabilistic distributions, if all compositions are defined, is called the generating
sequence of the compositional model. The sequence of sets of variables the generating sequence is
defined for — K1, Ko, ..., K, — is called a compositional model structure. To visualize the struc-
ture we use a tool called a persegram - a table of markers where rows correspond to variables and
columns to sets from the structure in the given ordering. A position in the table is marked if the
variable is among variables of the respective variables sets. Markers for the first occurrence of each
variable (i.e., the leftmost markers in rows) are box-markers, and for other occurrences there are
bullets.

We say that a generating sequence is perfect if all elements are marginals of the resulting
multidimensional distribution. It is worth noting that among all models, perfect models play an
important role because they faithfully reflect the information contained in the individual distribu-
tions. This property is thus important from the point of view of potential applications: when the
individual low-dimensional distributions k; represent pieces of local knowledge, then k1>kob>. . DKy,
is a proper representative of global knowledge.

Note that compositional models can be also used for the representation of causal models [4]. In
that case, interventions can be easily modeled by composing the model with a simple degenerated
probability distribution.

3 Implementation

It is always beneficial for a theoretical work to experiment with a real problem. To evaluate various
hypotheses and to support further theoretical research, it is necessary to have an experimental tool
for calculations with compositional models. In this section, we would like to describe the basic
ideas standing behind the implementations. As already written above, we have implemented a
semi-supervised web application that enables a researcher to design the probabilistic compositional
model (both causal and stochastic). We assume that the web architecture of the system will make
it easily accessible and open for the wide range of audience.

The system is implemented in R environment [5] using Shiny web application framework [6]
and data.table package [7].

3.1 Probability distribution

The key problem is the representation of a probability distribution in a computer memory. Because
we restricted random variables to finitely valued discrete variables only, it seemed like a natural
step to store probability distributions not as multidimensional arrays (hypercubes) where individual
dimensions correspond to random variables, but as a listing of states in form of a table. Actually,
we have been inspired by relational database theory [8]. We store a probability distribution as a
database table - a data.table [7] in R.

Example 1 Having a probability distribution over e.g. three random variables Y, Z, W - the cor-
responding table has four columns. First three columns correspond to random variables, the last
column corresponds to an amount of probability dedicated to each row. FEvery row represents a
unique state - a combination of values of the respective random variables. In case of a zero proba-
bility state, it does not have to be listed in the table.

[ Y [ Z | W | probability |

010 |1 0.3
0111 0.4
01110 0.1
1 (0|1 0.2

Table 1: Representation of \(Y, Z, W) - table lambda

It turns out that this approach is convenient for basic computations needed when working with
compositional models.
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3.1.1 Marginalization

It appears that marginalization procedure is a simple example of aggregation in relational databases.
Indeed, to calculate A*¥*Z from A(X,Y, Z) defined in Example 1, it is enough to provide the fol-
lowing query:
SELECT Y, Z, SUM(probability) AS probability

FROM lambda

GROUP BY (Y,Z);

It results in the following table

’ Y \ Z \ probability ‘
010 0.90
0|1 0.10

Table 2: A*¥>Z - table lambda_marginal

3.1.2 Composition operator

In case of the operator of composition, the situation is quite similar. We split the fraction from
(1) into a product of two terms:

(k> A) (2, y, 2,0) = Sl 2 )M, 9,7) (k(y, z,w)) 2 4,2)

MY-Z(y, 2) MY Z(y, z)
The term
5\ _ )‘(Ia Y, Z)
T OAYZ(y, 2)

can be computed using the following SQL query:
COPY lambda INTO lambda_bar;

UPDATE lambda_bar
SET probability = probability / SUM(probability)
GROUP BY (Y,Z);

The, using A, one can proceed with a standard JOIN operator. To guarantee that the operator
is defined, i.e. whether Vy € Xgrr, #*¥™(y) >0 = MK (y) > 0 it is enough to use LEFT
OUTER JOIN operator and then check whether the resulting table does not contain NULL value in
columns corresponding to variables K \ L. If it is the case then the composition remains undefined
and the compositional process is stopped.

In case of probability distributions (Y, Z, W) and A(X,Y, Z) the query has the following form:

SELECT X, Y, Z, W, kappa.probability * lambda_bar.probability AS probability
FROM kappa LEFT OUTER JOIN lambda
USING (Y, Z);

Example 2 To illustrate the operator of composition, we will compose probability distribution k
from Table 3b with distribution A\ from FExample 1. The updated A\ distribution can be found in
Table 3a and the result corresponding to distribution (k> ) is in Table 3c.

3.1.3 Point-wise multiplication

For other more advanced operations with compositional models (like anticipating operator [2]), we
also need the so-called point-wise multiplication of two probability distributions. The point-wise
multiplication can be easily implemented using CROSS JOIN operator. In the case of x and A
from previous Examples, the result is in Table 3c and the query has the following form:

SELECT X,Y,Z,W kappa.probability*lambda.probability AS probability
FROM kappa CROSS JOIN lambda
USING (Y,Z);
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’ Y ‘ Z ‘ w ‘ probability ‘ ’ X ‘ Y ‘ Z ‘ probability ‘ ’ X ‘ Y ‘ VA ‘ W ‘ probability ‘
0|0 |1 1.0 0 |0 ]O 0.20 0 |0 |01 0.20
0|11 0.8 0 |0 |1 0.15 110 1]0 |1 0.40
0110 0.2 1 10 |1 0.25 00|11 0.12
110 |1 1.0 11010 0.40 0 |0 (110 0.03

(a) X(Y,Z,W) - table lambdabar  (b) k(X,Y, Z) - table kappa 1 011 0.20

1 |0 |1 |0 0.05

(c) Representation of (k> \)(X,Y, Z, W)
- table composition

Table 3: Process of table composition

] X \ Y \ Z \ w \ Probability
0 [0 |0 |1 0.060
1 |0 |0 |1 0.120
0O [0 |11 0.060
O[O0 |10 0.015
1 |0 |11 0.100
1 /0 |1]0 0.025
Table 4: x- A

3.2 Compositional model

Every compositional model is fully defined using its generating sequence - the sequence of low-
dimensional probability distributions that composed together from left to right using operator of
composition > create a multidimensional probability distribution. To represent the compositional
model in a computer memory, it is enough and desirable to keep its generating sequence. In the
case of e.g. marginalization, conditioning, perfectization (conversion of a model to a perfect one
representing the same multidimensional distribution), etc. of the model, all computations are
made locally. E.g. algorithm to perform marginalization of a compositional model locally using
its generating sequence can be found in [9]. In case of conditioning, it has been proven that the
conditioning process is easy if the compositional model is perfect (see [2]) and decomposable [3].
Note that decomposability is a structural property - the model is decomposable if the sequence
variables meet the running intersection property.

To simplify the calculations, we keep the structure of the model aside. The reason is simple.
For example, the marginalization process of a compositional model employs several heuristics that
depend on structure only [10].

So far, we have implemented the following methods to work with compositional models:

e marginalization - removal of given variables from the given model

perfectization - conversion of the model to a perfect one
e to perform interventions

e conversion to a decomposable model

conditioning by a variable value

3.2.1 Learning

The first step in using the compositional model in case of data-mining is learning it from data.
The learning process can be split into two parts. In the first part, a model structure is found. In
this particular case, we have used hill climbing (HC) [11] algorithm. The main reason is that its
implementation is a good trade-off between CPU requirements, the accuracy of the obtained model,
and ease of implementation. Note that this method guarantees to obtain a minimal independence
relations map and therefore it is especially appropriate to deal with high dimensional domains.
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The second part of the compositional model learning process states in the estimating of the
low-dimensional probabilistic distributions over a given set of variables (from the already learned
model structure). In this case, we simply use frequencies of given states.

4 Web application

In this paper, we present a new semi-supervised web application called MUDIM online where
acronym MUDIM stands for a system for MULti DImensional Models. Thanks to the web archi-
tecture of the system, the researchers will always have a possibility to influence the data-based
model construction process from any place of the world without the need of any restriction. The
application can be found at http://gogo.utia.cas.cz/mudim.

&« c @ ® gogo.utia.@s./mudim/ - QW v N @

MUDIM online 1.0

MUDIM is a system for MUIti DImensional compositional Mcdels. This new approach for probability distribution representation and processing is
based on the idea that a multidimensional distribution is computed - composed - from a system of oligodimensional distributions by terative
application of a special operator of composition. The purpose of compositional models is simiar to graphical Markov models, namely Bayesian
networks.

This is a concept application - studying a possitility to create a web-based appication with a simple interface for a wide range of users.

Data
Input . . I o _
ata file has been loadec with variadles Tuberculosis.or.Cancer, Tuberculosi, Lung.Cancer,
Here you can upload your file with Smoking, VisitAsiz, Dyspnea, Bronchitis, XRay Result . Cata file contains 10000 different
problem definition/measurements. observations.

HTIEE Sl FIE Automatic structure | Menual structure

Browse... No file

Model structure - persegram

Predefined data K1 K2 K3 K4 KE KB K7 K8 inference
Tuberculosis.crCancer m (o (o o o @

To illustrate the prototype, use the -
Tuberculosi a .

following predefined data:
Lung.Cancer 3 .

Asia Smoking .
VisitAsia u
Dyspnea a .
Eronchitis = .
XRayResult =

Ccmpute one-dimensional marginals || Apply nference

Compositional model

Having a structure. a system will estimate marginal probability distributions defined by it.
Remove Model

One-dimensional marginals
The model has been crezted. You can compute wih that.
Model dztails:

« length: &

+ variables: Visit Asiz Smoking Bronchitis Lung.Cancer XRay.Result
Tuberculosis.or.Cancer Tuberculosi Dyspnea

+ reduced FALSE

Figure 1: The look of MUDIM online web application

Having a compositional model, a data miner can easily apply an intervention on variables
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of interest, fix values of other variables (conditioning), or to narrow the context of a problem
(marginalization). To do that, the application expects a data file for observations/measurement
at its input. The file has to be comma-separated values (CSV) file.

The basic interface of MUDIM online is visualized on Figure 1. The user can read that a data
file has been loaded. The problem at hand has 8 random variables. To learn the structure of the
model, the user can choose between automatic and manual mode. The structure is depicted using
a persegram.

When the structure is finished, the model can be created. By creating the model we understand
that corresponding low-dimensional probability distributions are estimated from data and aligned
in a generating sequence in the order given by the structure. In case of the problem from Figure
1, the model has 8 low-dimensional probability distributions in its generating sequence. Reading
the persegram, each distribution has dimension maximally 3. When the model is created the
user is allowed to perform intervences, fix the value of a random variable by conditioning, display
one-dimensional marginals (see Figure 2), etc.

8 B = i

5 =
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Figure 2: Visualisation of one-dimensionl marginals in MUDIM online

5 Future plans

There is a lot of work to do. First of all, we would like to implement all theoretical foundations
known so far. We would like to implement more methods of learning the structure from data,
information-theoretic notions like Kullback-Leibler divergence, multi-information, etc. We have
several ideas on how the model learning process can be controlled to avoid overfitting of data - the
system needs that for sure. Last but not least we hope that the application of this methodology
to practical problems will open new problems that will be an inspiration for further theoretical
research.
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Abstract

The interval AHP was proposed under the idea that the inconsistency of pairwise com-
parison matrix comes from human vague evaluation. Because the interval priority
weights estimated by the conventional method proposed in interval AHP [3] are often
unbalanced and too narrow to represent the vagueness of human judgment, several
improved interval priority weight estimation methods have been proposed and shown
their better performances by numerical experiments. (- and y-relaxation methods [4]
estimate interval weights by merging all sub-optimal interval priority weights with
1005% and 1007% relaxation of minimal sum of widths and minimal weighted sum of
widths, respectively. With proper selection of parameters 8 and ~, these relaxation
methods perform much better than the conventional estimation method. However,
proper parameter tuning may require certain computational expenses. As parameter-
free methods, maximizing minimum range method (MMR method) and Maximizing
minimum range method with weights A (MMR’\ method) were proposed. However,
the estimation accuracies of MMR and MMR? methods are worse than those of relax-
ation methods with proper parameter settings while they are better than that of the
conventional method.

In numerical experiments evaluating the adequacy of preference relation executed in
the previous paper [8], the crisp priority weights estimated by the classical AHP poten-
tially performs well if a proper threshold of the difference of total scores is introduced
for preference confirmation. In this paper, taking this result into consideration, we pro-
pose to utilize the geometric mean method of the classical AHP for the estimation of
center values of interval priority weights. Then, the widths of interval priority weights
are estimated by various interval priority weight estimation methods proposed in our
previous studies [8]. The performances of the proposed methods using the geometric
mean method are examined by numerical experiments. In the numerical experiments,
we compare the proposed estimation methods to the previous methods from viewpoints
of the estimation accuracy of the interval priority weights and the adequacy of the in-
duced preference relation. As result, we found that the utilization of the geometric
mean method for estimation of the center values of interval priority weights is advanta-
geous. Moreover, we confirmed that by the utilization of the geometric mean method,
the performances of parameter-free methods are remarkably improved so that we con-
clude that the parameter-free methods are useful because of their good performances
without requiring any parameter tuning.
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Abstract

Like Bayesian networks, compositional models may also be used for data mining. Nev-
ertheless, one can find several reasons why to prefer compositional models for this pur-
pose. Perhaps the most important is the fact that compositional models are assembled
from low-dimensional (unconditional) distributions so that computationally advanta-
geous formulas are known for information theoretic characteristics computation. The
other reason is that a decomposition is a natural way of complex tasks simplification.
Therefore, the inverse process of composition is easily understandable for specialists
from many fields of applications regardless of their level of mathematical education.
Keywords: Data mining, Mutual information, Compositional model, Conditional in-
dependence, Probability theory.

1 Introduction

The basic idea of compositional models is very simple: it is beyond human capabilities to describe
global knowledge from an application area - one always works only with pieces of local knowledge.
Such local knowledge can be, within probability theory, easily represented by low-dimensional
distributions and a multidimensional distribution is (in a special way) composed from a number
of such local pieces of knowledge — low-dimensional distributions. This analogy also explains
why the compositional models are (relatively) easily understandable to specialists from the area
of application - non-mathematicians. And it is also the reason why this technique can be, like
Bayesian networks [1, 2], included among the methods of data-mining.

The goal of a data mining process [3] is not a model itself but its interpretation in the form
of a distilled knowledge. Nevertheless, as we will see below, a greater part of knowledge is gained
already during the process of model construction. The supervised approach to model construction
enables the researchers to influence the resulting models in the way that these models are easily
comprehensible and interpretable. Further, the user can have some knowledge about data, based
on which the model is constructed. They may know that the data are not well stratified and some
properties should be suppressed some others highlighted. Quite often, they want to adapt the
constructed model to the purpose for which the model is constructed. Therefore, it is natural that
we cannot give general instructions on how to proceed when constructing a model. It is the reason
why we present in this paper just a simple example.

In this paper, we consider only finite-valued variables, which are denoted by upper-case Latin
characters. Groups of variables are denoted by bold-face characters: i.e., for example, M =
{X,Y,Z,V,W}. The set of values of variable X is denoted by Xx. Similarly, we use Xy, Xz, and
SO on.

By a state of a group of variables we understand any combination of values of the respective
variables, i.e., for a group of three variables X, Z, V, a state is an element of a Cartesian product
Xx x Xz x Xy. For the sake of simplicity, this Cartesian product is often denoted X(x 7). For
a state y € X(x zv) and a subset of the respective variables, say, for variables X, V', by yHX VY
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we denote a projection of y into X(x vy, i.e., yHX VY s the state from Xix,vy that is got from y
by dropping out the value of variable Z.

Probability distributions are denoted by characters of Greek alphabet (x, v, m) (with possible
indices). Recall that it means that (Y, V) : Xqy,yy — [0, 1], for which? Zwex{y,v) k(z) = 1.

Having a probability distribution #(X,Z,V), and a subset of variables L C {X,Z,V}, s*&
denote a marginal distribution of k defined for each x € Xy, by the formula

M@= Y k).

yeXk:ytl=x

Note that we do not exclude situations when L = (), for which we get <% = 1.
Everybody knows that two variables X and Z are independent with respect to probability
distribution 7(X, Z) if (X, Z) = n(X) - m(Z). This is because, in this case?,

_W(X7Z)_7T(X)'7T(Z)_7T
n(X|Z) = D - w2 (X)),

which expresses the fact that the knowledge of the value of variable Z does not bear any new
information about the value of variable X, i.e., the conditional probability of X given Z equals the
(un)conditional probability of X. For the purpose of data mining, a generalization of the notion
of independence is very important. Therefore we introduce it in its general form.

Definition 1 Consider a probability distribution w(N), and three disjoint subsets of wvariables
K,LM (KULUM C N). Let K and L be nonempty. We say that groups of variables K
and L are conditionally independent given M for distribution 7 if®

LHKULUM | IM _ _JKUM | |LUM

T
In symbol, this property is expressed by K 1L LIM [x].

Notice that in case of M = () we use only K 1L L [rr] and speak about an unconditional independence
(some authors call it marginal independence).

2 Decomposability

By a decomposition, we usually understand the result of a process that, with the goal of simplifi-
cation, divides an original object into its sub-objects. Thus, for example, a problem is decomposed
into two (or more) simpler sub-problems. General properties of such decomposition can be viewed
on an example familiar to everybody: decomposition of a positive integer into prime numbers.
In this case, an elementary decomposition is a decomposition of an integer into two factors, the
product of which gives the original integer. For this example, we see that

e the result of the decomposition are two objects of the same type as the decomposed object
— an integer is decomposed into two integers;

e both these sub-objects are simpler (smaller) than the original object — both factors are smaller
than the original integer, we do not consider 1 x n to be a decomposition of n;

e not all objects can be decomposed — prime numbers cannot be decomposed;

e there exists an inverse operation (we will call it a composition) yielding the original object
from its decomposed parts — the composition of two integers is their product.

INotice that symbol (Y, V) is used to express the fact that probability distribution x is defined for variables Y
and V. k(z) for z € X(y 1) is a probability of state € X(y, vy.

2Naturally, this computation is valid only for positive distributions.

3This expression means that for all z € XxuLum

ﬂ_J,KLJLUM(x) . ﬂ_J,M(xJ,M) — ﬂ_J,KLJM (I.LKUM) . ﬂ_J,LUM (xJ,LUM).
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(X,Y,Z,V,W)
/\
m(X,Y) (Y, Z,V,W)
/\ /N
m(X) m(Y) (Y, Z,V) w(Z,V,W)

/ \

Figure 1: Hierarchical decomposition of n(X,Y, Z,V,W).

What is a decomposition of a finite probability distribution? Consider a two-dimensional dis-
tribution 7(X,Y). Simpler sub-objects are just one-dimensional distributions: a distribution of a
variable X and a distribution of a variable Y. To have a chance to reconstruct the original two-
dimensional distribution 7 from these one-dimensional distributions, we have to consider marginals
of m: X and 7Y . Generally, the process of marginalization is unique, but, with the exception
of a degenerate distribution, we cannot unambiguously reconstruct the original two-dimensional
distribution from its one-dimensional marginals. To bypass this fact, we restrict the decomposi-
tion of two-dimensional distributions 7(X,Y") into their one-dimensional marginals only for the
case of independence: X 1 Y [n]. In this case, 7(X,Y) can easily be reconstructed from its
marginals 7% and 7+Y: m(X,Y) = X Y where “” denotes pointwise multiplication, i.e.,
m(z,y) = ¥ (x) - 7Y (y) for all states (z,y) € Xix,y}.

Analogously, three-dimensional distribution 7(X,Y,Z) can be decomposed into two simpler
probability distributions (marginals of 7(X,Y, Z)) only if either a couple of variables (say X,Y)
is independent of the remaining third variable (in this case Z), or, if two variables (say X and Z)
are conditionally independent given the remaining third variable (in this case Y):

e {X,Y} A Z [x], then n(X,Y, Z) can be reconstructed from 7HXY} and 7%,
e X I Z|Y [x], then n(X,Y, Z) can be reconstructed from mHXY} and 7#H{¥>2}

This leads us to the following general definition.

Definition 2 We say that a probability distribution w(M) is decomposed into its marginals m%
and & if

1. KUL = M;
2. K#M, L#M;
3. m(M) - p¥KOL = 7K 7L,

Notice that the third condition is nothing else than K\ L 1. L \ K|K N L [r], and that the
original distribution 7(M) can be uniquely reconstructed from the marginals 7+¥ and 7+&.

Analogously to the decomposition of integers to prime numbers, even probability distributions
can be hierarchically decomposed into a system of distributions that cannot be further decomposed.
An example of such a hierarchical process represented by a corresponding tree structure can be
seen in Figure 1, where distribution #(X,Y, Z, V, W) is decomposed into a system of its marginal
distributions: 74X, 7Y, o2V L HZVE 7 AVIWE - Each decomposition was made possible
by the fact that the respective conditional independence relation holds for distribution 7. The
decomposition process from Figure 1 was made possible by the assumption that the following
system of conditional relations holds for distribution 7 (or, in other words, that the independence
structure [4] of distribution 7 is the following):
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o X U {Z,V,WHY [r];
o X LY [r];

o Y I WH{Z,V} [n];

o Z 1L WI|V [r].

Definition 3 A probability distribution 7(N) is said to be decomposable if it can be decomposed
into a system of its marginals m™Mr M2 pdMmgueh that the variable sets My, Mo, ..., M,,
can be reordered so that they meet the Running Intersection Property (RIP):

Vi=2,3,...,m k(1 <k<j) for which M; N (M; U...UM;_1) C M.

3 Compositional models

This section introduces an operator of composition, originally introduced in [5], which realizes a
process inverse to the process of decomposition discussed in previous section. For this, we need a
notion of a dominance: w(N) < v(N) if

VyeXn 7(y) >0 = v(y) >0.

Definition 4 For arbitrary two distributions k(K) and (L), for which k8™ < NEOL - gpeip
composition is for each x € Xkuy, given by the following formula*

k(o) (o)
(k> A)(z) = W

In case that KYEM & MK the composition remains undefined.

The reader certainly noticed that the presented definition is slightly more general than just an
inverse operation to decomposition discussed above. We do not require that both K and L are
proper subsets of K U L. The main reason is that this generalization makes the formulation of
some theoretical properties simpler. Moreover, abandoning this requirement appears advantageous
when constructing compositional models and when reading a knowledge from the resulting models.
As we will see in Section 5, it enables the user to specify the required relations of (conditional)
independence, which would not be otherwise representable in a model.

This operator of composition enables us to set up multidimensional compositional models, i.e.
multidimensional probability distributions assembled from sequences of low-dimensional distri-
butions with the help of the operators of composition [6, 7, 8]. Considering a systems of low-
dimensional distributions x1(Kj), k2(Ka), ..., £, (K,), the formula 1 > ko > ... > Ky, if defined,
specifies a distribution of variables K; UK, U...UK,. However, because of the fact that the
operator of composition is not associative, the order, in which the operators are performed in the
expression k1 > kg > ... > Kk, should be specified by parentheses. To simplify such expressions, we
will omit the parentheses if the operators are to be performed from left to right. Therefore

KibRaD ... DKy =(...((K1DK2)DR3)D>...DKp1) > K.

Moreover, without loss of generality, in what follows, we will always assume that x; is a distri-
bution of variables K; and that the composition will be defined in all the formulas wherever the
operator appears.

To visualize the structure of a compositional model we use a tool called a persegram.

Definition 5 A persegram of a compositional model k1 > ko > ... > Ky 1S a table in which rows
correspond to variables from K; U ... UK,, (in an arbitrary order) and columns correspond to
distributions K1, ..., kn in the respective ordering. A position in the table is marked if the variable
is among the arguments of the respective distribution. Markers for the first occurrence of each
variable (i.e., the leftmost markers in rows) are box-markers, and for other occurrences there are
bullets.

4Define % =0.
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For an example, the reader is referred to Figure 2a in Section 5, in which the persegram of
k1(D,N)> k2(B, R) > k3 (R, W) > ka(N, R) > k5(T, W) is depicted.

Persegrams were designed mainly for reading conditional independence relations holding for
compositional models. For this, we have to learn what are the trails and avoiding trails in a
persegram.

Definition 6 A sequence of markers mg, ..., my in the persegram of a compositional model k1 >
Ko ...D Ky is called an M-avoiding trail (M C Ky UK, U... UK,,) that connects mgy and m; if
it meets the following five conditions:

1. neither mg nor my corresponds to a variable from M;

2. for each s = 1,...,t, the couple (ms_1,my) is either in the same row (i.e., a horizontal
connection) or in the same column (a vertical connection);

3. each wvertical connection must be adjacent to a boz-marker (i.e., at least one of the markers
in the vertical connection is a box-marker) - the so-called regular vertical connection;

4. mo horizontal connection corresponds to a variable from M;

5. wertical and horizontal connections regularly alternate with the following possible exception:
at most, two vertical connections may be in direct succession if their common adjacent
marker is a box-marker of a variable from M.

If an M-avoiding trail connects two markers corresponding to variables X andY , we say that these
variables are connected by an M-avoiding trail. This situation is denoted by X ey Y [K1 D ko >
oo D Ky). Symbol X «fs \p Y [K1 > Ko > ... D Ky denote the situation when there does not exist an
M-avoiding trail connecting variables X andY in the corresponding persegram. If M = () we speak
about a simple trail, and use simplified symbol X «~ Y .

For a simple trail (i.e. (-avoiding trail) connecting variables B and T see Figure 2b. A rela-
tionship between the existence of avoiding trails and the conditional independence of variables in
a compositional model is expressed in the following assertion, which was originally proven in [9]
(an alternative proof was published in [10]).

Theorem 7 Consider a compositional model k1, Ko, ..., k, and the corresponding persegram. Let
X and Y be two different variables from K1 UKoU. . .UK,,, and M C K UKoU.. UK, \{X,Y}.
Then

X%MY[Hl,HQ,...7I€n] — XJ.LY|M [Iil,lig,...,lﬁ)n}.

4 Information-theoretic notions

In this section we consider a probability distribution 7(N), and three disjoint subsets K, L, M C N,
such that KUL UM = N. Moreover, we assume that K and L are nonempty.
The basic notion, from which all the remaining ones are derived, is the famous Shannon entropy

defined
H(m)y=- > w(z)logyr(x).
zeXn:m(z)>0

This concept measures an uncertainty connected with the probability distribution. Its value is
always nonnegative, less or equal log, |Xn|. It equals zero if and only if the distribution is degen-
erated and expresses certainty. In other words, H(7) equals zero, if and only if there exists a state
x* € XN, for which m(2*) = 1. The entropy achieves its maximum only for a uniform distribution,
ie.,

H(m) =log, |Xn| <= () for all z € XN.

1
Xn|
To measure the strength of dependence between the groups of random variables we employ a

notion of mutual information defined by the formula

TVKUL (.
MI-(K;L) = Z @) log, <7T¢K(miK) . 7E¢I)‘(ac¢L)> .

r€XKy mKUL (Q’,‘) >0
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The higher this value, the stronger dependence exists between two disjoint groups of variables:
K and L. If the reader likes, this property can also be expressed in another way. The higher
this value, the more information about variables K we get when learning values of variables L (or
equivalently, because MI.(K;L) = MI,(L;K), the more information about variables L we get
when learning values of variables K).

Let us summarize the most important properties of mutual information supporting the fact
that it is used as the measure of the strength of the dependence.

e 0 < MI(K;L) < min(H(m+¥), H(m+l)).
e MI,(K;L)=0 «<— K 1L ]/n]

e MI.(K;L) = H(m*¥) if and only if variables K are functionally dependent on variables L.
It means that in this case for the conditional distribution 7¥!/% it holds that

Vy € Xy, 3z € Xk such that 75I%(z]y) = 1.

In many practical situations, it is useful to normalize the measure of mutual information, to
get a measure achieving values from the interval [0, 1]. This value suggested by A. Perez [11], who
called it information measure of dependence, is in this text denoted ID:

MI,(K;L)
min(H (74K), H(7'L))’

ID,(K;L) =

It may help the reader to understand the notion of mutual information, if we show that it is
actually the measure of similarity of two distributions. In probability theory, several measures of
similarity for distributions have been introduced. One of them, having its origin in information
theory, is a Kullback-Leibler divergence defined for 7(IN) and v(N) by the formula

> 7(x) log (%), if ™y
Div(mrnv) =4 zexXym(z)>0 2

00, otherwise.

It is known that Kullback-Leibler divergence is always nonnegative and equals 0 if and only if
m = v (see [12, 13]). Its only disadvantage is that it is not symmetric, i.e., generally Div(m nv) #
Div(v 7). Nevertheless, since it is very easy to show that m+KVL < 74K .7l we see that

MI(K;L) = Div(zntEUE ) oK il

is always finite, and, as we already said above, equals zero if and only if 7KL = 7K. 7L which
is nothing else than K 1 L [r].

As the reader can expect, not only there is a relationship between independence and mutual
information, but there is also an analogous relationship between conditional independence and
conditional mutual information, defined by

7rKUL|M($)
MI;(K;LIM) = Z m(x) logy (,R_KM(x,LKUM) : 7rL|M(1.J,LUM)) ‘

zeXn:m(z)>0

(Notice that M I, (K;L|0) = MI,(K;L).)

Again, the higher the value of conditional mutual information the stronger the conditional
dependence between the respective groups of variables. Since we have not introduced the notion of
conditional entropy, in this case, we can precisely formulate only a part of the properties holding
for conditional mutual information.

o MI(K;LM) > 0.
o MI,(K;LIM) =0 <= K IL LM [r].
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5 Data mining example

This is the main section of the paper presenting a supervised model construction, during which we
gain a knowledge from data. We consider six variables M = {B, D, N, R, T, W} with X5 = {1, 2,3}
and Xp = Xy = Xg = Xr = Xy = {1,2}. We are about to construct a compositional model
for these variables from a data file containing 1000 records. Taking into account the fact that the
cardinality of the considered state space is |[Xp| = 3 x 2° = 96, we can hardly expect to get any
reasonable (i.e., interpretable) knowledge from the respective frequency table depicted in Table 1.

Table 1: Frequencies of states from X(p p N rT W}

R=0 R=1
T=0 T=1 T=0 T=1
W=0 W=1 W=0 W=1 W=0 W=1 W=0 W=1
B=1,D=1N=1 0 8 4 15 2 9 23 3
B=1,D=1N=2 0 0 0 0 0 1 3 0
B=1,D=2 N=1 0 0 0 1 3 2 0
B=1,D=2 N=2 0 147 12 66 5 9 1 0
B=2 D=1 N=1 0 2 0 10 10 34 70 0
B=2, D=1 N=2 0 10 0 7 3 8 1 2
B=2 D=2 N=1 0 0 0 13 0
B=2 D=2 N=2 0 61 4 31 14 45 22 1
B=3 D=1 N=1 0 0 0 4 20 40 78 4
B=3 D=1 N=2 0 4 0 2 9 3 0
B=3 D=2 N=1 0 1 0 3 13 0
B=3 D=2 N=2 0 13 1 7 23 57 20 0

It is not a bad idea to start with computing the value of entropy for all considered variables:

H(B) =158, H(D)=0.98, H(N)=0.96,
H(R)=0.99, H(T)=099, H(W)=0.93.

From this, we do not get any knowledge about the relationship among the considered variables, but
we get some information as for how to proceed further. Since the entropy of all binary variables
is close to 1, it means that a minimum of entropies for any pair of variables is close to one, either.
Therefore, when considering a strength of dependence between two variables, the value of mutual
information M1 and the value of information measure of dependence I D do not significantly differ
from each other. Therefore we compute only values of mutual information. But keep in mind
that when the considered variables achieve different numbers of values, there may be substantial
differences between the values of the entropy of individual variables. In such a case, considering
the information measure of dependence is preferable.

From the point of view of model construction, we are interested in couples of variables, which
are closely (strongly) connected, and in couples of independent variables. Therefore, when com-
puting values of mutual information for all pairs of variables, we sort the couples according to the
value of mutual information. In the present example, we get

% § (g; g )= (?-24;755, MI(N;T) = 0.0709
MIER;W)) 2578, MI(D;W) = 0.0627
MI(N; R) = 0.2070, MI(B; N) = 0.0619
MI(T; W) = 0.1813, MI(D;T) = 0.0421
MI(N; W) = 0.1546 MI(B; D) = 0.0342
MI(D; R) = 0.0958 MI(R;T) = 0.0019,
MI(B;W) = 0.0814 { MI(B;T) = 0.0007

The head of this sequence contains the couples of closely connected variables, the tail of this
sequence suggests which pairs of variables may be considered independent. The first five couples
are grouped together because these first five couples cover the whole M. Therefore, let us start
building compositional models from two-dimensional distributions defined for these couples of
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variables. To get their best ordering in a model, the multi-information of the whole model should
be taken into account. The higher multi-information, the better model because it incorporates
more information from data.

K1 K2 K3 K4 KRp K1 K4 K2 K3 Kp
B - B
D D
N ] N
R o o R
T ] T
W [ — Y W
(a) ‘7r1 = /{1‘l> /%2 > né l>’n4 > ﬁs (b) ‘7r2 =K1 >/§4 > @2 > K3 D> K5

Figure 2: Persegrams of models m; and ms.

Consider estimates of the first five two-dimensional distributions and denote them respectively:
k1(D,N), ka(B, R), k3(R, W), k4(N, R), k5(T,W). If considering model m1 = k1> ko> K3 > kgD K5
(see persegram in Figure 2a) we can immediately see that m; = k1 > ko > k3 > k5. Distribution kq
may be deleted from the model because both the respective markers in the persegram are bullets.
This model is decomposable (the reader may easily check RIP) and perfect (data file does not
contain missing values, and therefore the estimates of marginals are consistent). Therefore®,

IC(m) = IC(k1) + IC(ka) — IC (k) + IC(ks) — IC(k5R)

+IC(r5) — IC(s5" ) = > IC(k;) = 11618,
i=1,2,3,5

because IC(k1) = MI(D;N),IC(ke) = MI(B;R), and so on, and because the multi-information
of probability distribution x(K) for |K| < 2 equals zero. However, it is evident that also my =
K1 D K4 > Ko D> K3 D Ky 1S a decomposable model, for which

5
IC(my) =Y IC(k;) = 1.3687.

i=1

In fact, this model is the best possible among those assembled from distributions k1, k2, K3, K4, K5,
in case the amount of multi-information is taken as the only criterion of optimality. This is because
this model utilizes all the information contained in the distributions from which it is assembled.
However, this model does not reflect the other information we obtained from computing the mutual
information for all couples of variables: the two smallest values of mutual information suggest that
variables T' and R, and variables T and B are independent. And, as the reader can deduce from the
persegram corresponding to mo (see persegram in Figure 2b), one can find simple trails connecting
all couples of variables, i.e., also B «~ T [mg] and R «~ T [m3]. Therefore, the independence
relations B I T [m2] and R 1L T [m2] are not guaranteed by the model structure.

To incorporate this knowledge into the model, one can consider, e.g., model 73 = IiéTblig >R3>
k4brs>K1. However, as the reader can see from the persegram in Figure 3a, 73 = /@ébengngbmbm,

and therefore .

IC(m3) =Y IC(k;) = 1.1874.
i=1
The decrease of the multi-information is due to the fact that w3 dos not incorporate the information
from ks.
Thus, it may seem that one can incorporate the knowledge about the two independence relations
into the model only at the cost of a decrease of multi-information, i.e., at the cost of the loss of

5Such a simple formula holds only for decomposable models.
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(a) %r3 = REL)T l>’l‘£2 > f%g > kg D K5 D> K1 (b) 71;5 : né’é > ﬁJéT D‘neyb Ko D kg D K1

Figure 3: Persegrams of models w3 and 5.

information. To get out of this trap, let us start studying the way, how variable T is connected
with all others. Let us compute from the data the conditional mutual information of 7" and B
given the remaining variables, and similarly, the conditional mutual information of T" and R given
the remaining variables. We get

MI(T;B|D) =0.002,  MI(T;R|D) = 0.001,
MI(T; B|N) =0.006,  MI(T;R|N) = 0.013,
MI(T;B|W) =0.024,  MI(T; R|W) = 0.084.

How to explain the fact that 7" and R are independent but not conditionally independent? A
straightforward explanation is that 7" and R are independent and jointly influence other variables.
In case we know the meaning of the variables, we should choose the one, which is, in our knowledge,
directly influenced by T' and R (or 7" and B). Otherwise, we choose the one indicated by the
highest value of conditional mutual information: MI(T; R|W). It makes us believe that two
independent variables 7" and R influence W, and the only way how to incorporate this knowledge
into the model is to start considering a three-dimensional distribution: let xg(R,T,W) be the
corresponding estimate got from data. Naturally, this three-dimensional distribution is a bearer of
all the information expressed by both k3 and x5, which can be now dropped off from the further
consideration. Naturally, kg contains more information than k3 and k5. It describes the combined
influence of T and R on W, which cannot be expressed by two two-dimensional distributions.®

After adding k¢ and deleting k3 and k5, the remaining distributions k1, ko, K4, kg can easily
be ordered to meet RIP: e.g., my = kg > Ko > kg > K1 i & decomposable model expressing all the
knowledge we consider. Nevertheless, the above discussed independence of variables is not visible
from the respective persegram, it is only encoded in the distribution kg. Therefore, we can prefer
model 75 = /@éB > HéT > Kg > Ko D kg > K1, from the persegram of which in Figure 3b the considered
independence relations are obvious.

What are the differences between the models 74 and 757 Model 74 is decomposable, and
therefore more advantageous when used for computations. On the other hand, model 75 explicitly
manifests the independence T' Il {R, B}|W [m5]. When computing the multi-information of these
models we get

IC(m) = Y IC(k;) = 0.5234 + 0.2871 + 0.2070 + 0.4356 = 1.4531,
i=6,2,4,1

and
IC(ms) = > IC(k;) — IC(k§"™™) = IC(m5) — MI(T, R) = 1.4512.
i=6,2,4,1

6To illustrate the fact that a three-dimensional distribution may bear more information than a collection if its
two-dimensional marginals, consider the following simple example. Children have usually more fun if the weather
is warm. Similarly, they prefer sunny days to days with precipitation. However, in winter, the precipitation in very
cold days usually means snowing, which is a great fun for children. And this type of knowledge cannot be expressed
just by describing two separate relations: day temperature and children fun, and precipitation and children fun.
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The imperceptible decrease of the value of multi-information when transforming 74 into 75 is due
to small changes necessary for introducing the independence of 7' and R.

Model 75 seems to meet all the requirements made for data-based models. Nevertheless, espe-
cially when considering supervised approaches, one should not miss the realization of important
subsequent steps belonging to a process of model verification rather than to the process of model
construction. Let us illustrate these steps by verifying model 75. Consider the respective perseg-
ram in Figure 3b, which enables us to list all (conditional) independence relations holding for the
model:

1. B 1 DM  for M containing either N or R,
9. BLNM forReM,

3. BLTM for ReM,or W ¢M,

4. B 1L WM for ReM,

5. D1 RM for NeM,

6. DILTM for NeM,orReEM,or W¢M,
7. D 1L WM for M containing either N or R,
8. NLUTM forReM,or W¢M,

9. N L WM for ReM,

10. RITM  for W¢M.

From this list, the eights relation covering also the unconditional independence N 1. T is in
contradiction with MI(N;T) = 0.0709. To set this imperfectness right, we substitute xk4(N, R) by

k7(N,R,T), and consider model 7 = H%B > /@éT > kg D> ko D K7 > k1. For this model we have
IC(ms) = Y. IC(k) = IC(k§™ ) — 1C(kET)
i=6,2,7,1

= 0.5234 + 0.2871 + 0.3236 4 0.4356 — 2 x 0.0019 = 1.5659.

To accept a model the user should verify that

e the independence relations deduced from the corresponding persegram do not contradict the
intuition of the supervising user,

e the independence relations deduced from the corresponding persegram are not in contradic-
tion with the values of (conditional) mutual information values computed from data,

e the marginals from which the resulting model is set up do not differ substantially from the
corresponding estimates from data.

To follow these instructions let us transform model 7 into a form that all the low-dimensional
distributions, from which the model is composed, are marginals of the model itself:

vi(R) = rg"(R),
vo(T) = kg (T),
v3(R, T, W ) v (R)>va(T) > ke(R, T, W),
v4(B, R) = v1(R) > k2(B, R) = k2(B, R),
vs(N,R,T) = v1(R)>va(T)>Kk7(N,R,T),
ve(D )_ v (N) > &1 (D, N).
Thus, 76 = v1 > Ve > vg by b s b g, all v; (for ¢ = 1,...,6) are marginals of mg. The

respective probability distributions generating this model are depicted in Table 2, and the respective
persegram is in Figure 4. From this persegram the following list of conditional independence
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Table 2: Probability distributions vy — vg.

v1(R)
vi(1) = .437 v1(2) = .563
vo(T)
va(1) = 566 1o (2) = 434
v3(R, T, W)
v31,1,1) = .000  ws(1,1,2) = .247 ws(1,2,1) = 024 w3(L,2,2) = .166
v3(2,1,1) = 085  15(2,1,2) = 233 15(2,2,1) =.235 15(2,2,2) = .010
va(B, R)
va(1,1) = 280  wa(2,1) =.125  wa(3,1) = .032
va(1,2) = 057  wva(2,2) =.230  va(3,2) = .276
vs(N, R, T)

vs(1,1,1) = .010
vs(2,1,1) = 238

vs(1,1,2) = 036 v5(1,2,1) = .136
v5(2,1,2) = 153 15(2,2,1) = .182

vs(1,2,2) = .197
v5(2,2,2) = .048

I/G(D,N)

ve(1,1) = 45

v6(1,2) = .05 v6(2,1) = .05

v6(2,2) = 45

relations can be deduced:

B 1 DM  for M containing either N or R,
BLNM for ReM,

BLTM forM=0, or ReM,

Bl WM for ReM,

D1 RM for NeM,

DI1TM for NeM,

DLWM for NeM,or {RT}CM,
NLWM for {RT}CM,

RULTM  for M=0,or M={B},

neither of which is in contradiction with anything what has been said about the modeled distribu-
tion up to now. Distributions v, o and v4 are the original estimates from data. The remaining
distributions vz, v5 and vg are slightly different from the originally estimated distributions. This
is due to the modification realized in the process of computation of distributions v;. Nevertheless,
the deviations from the original data-based estimates are very small, as it can also be seen from

the values of Kullback-Leibler divergence

Div(ke nv3) = 0.00192,
Div(k7 nvs) = 0.00192,
Div(k1 11 vg) = 0.00002.

vy V2 V3 V4 Vs Vg

S 3oz oUW
|
{

¥
m

Figure 4: Persegram of model mg = v1 > vy > v b vy > vs > 1.
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(Notice, it is not a pure incidence that Div(ke 1 v3) = MI(R,T); it can be deduced from other
properties the information-theoretic characteristics.) Thus we may say that 7 is a reasonable
model of the distribution generating the data.
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Abstract

Time series data analysis is one of the important methods in the real world while it is
difficult to achieve. Prediction and classification tasks use a training set that is used
to guess the corresponding real value and the category of an unknown time series data
pattern. Nearest neighbor approach is used to find the most relevant time series pattern
(reference time series pattern) is the most well-known method. The distance measure
in find the reference time series pattern include Euclidean distance and dynamic time
warping (DTW). The DTW is exeperimentally better than the Euclidean distance in
the sense that the shape of the pattern is well considered. The DTW also accommodates
time series patterns with different length between each other.

In the DTW, the cost function of any two data points is defined as its distance. The
dynamical calculation is performed to obtain the dissimilarity measure between the two
time series data up to the calculated point. The original version of the DTW considers
all data points equally. However, for some real-world problems there is a possibility
that some data time points should be treated more importantly than the other time
points. This paper proposes a weighted dynamic time warping method (w-DTW) where
a weight vector is introduced in order to represent the importance degree of each data
point. In the proposed w-DTW, a weight vector is first prepared that contains a set of
real-valued importance. The number of the elements is set to be the one with the longer
time series. The cost function is the weighted distance which is the multiplication of
the weight and its distance. The overall distance between the two time series data is
obtained when the calculation reaches the end point of the shorter time series data.

The proposed w-DTW needs an appropriate weight vector for appropriately calculat-
ing the distance between time series. However, it is difficult to obtain the appropriate
weight vector by hand. Thus, this paper suggests to use a metaheuristic optimization
algorithm to obtain it. Specifically, we propose to apply a firefly algorithm as the
metaheuristics. In the firefly algorithm, each firefly holds a set of real values which rep-
resents the weight in the w-DTW. The brightness of a firefly is related to the prediction
performance of the w-DTW with the associated weight vector. The darker firefly moves
towards to other brighter ones by updating the related weight vectors.

In the computational experiments, we apply the firefly algorithm to obtain the optimal
weight vector of the w-DTW for a real world problem. As the real world problem,
the prediction task is employed where the amount of the rice crop yield of the year is
predicted from the precipitation amount per month. The experimental results reveal
the important months of the year in the context of the rice crop yield prediction.

Czech-Japan Seminar 2018



Author Index

A
Akiba, Tomoaki, 12

B
Bartak, Roman, 25
Brozova, Helena, 1

C

Cepek, Ondiej, 4

Chromy, Milos, 4

Cimler, Richard, 14, 70, 74
Cimr, Dalibor, 14

D
Daniel, Milan, 31
Dolezal, Ondrej, 43, 74

G

Greco, Salvatore, 41

H
Holcapek, Michal, 58

|
Inuiguchi, Masahiro, 30, 41, 42, 53, 88
Ishii, Hiroaki, 54

J
Jirousek, Radim, 80, 90

K

Kaburagi, Takashi, 71
Krasicenko, Ivan, 25
Kratochvil, Vaclav, 31, 80, 90
Kuhnova, Jitka, 70, 74
Kumagai, Satoshi, 71
Kurihara, Yosuke, 71
Kusunoki, Yoshifumi, 21

103

L
Lee, Tzong-Ru, 80, 90

M

Makiishi, Naoya, 3
Matsumoto, Toshiyuki, 71
Mochida, Shinji, 60
Mukai, Yuji, 41

N

Nakashima, Tomoharu, 102
Nishio, Keita, 71

Nohejl, David, 25

S

Saito, Masaki, 21
Sariddichainunta, Puchit, 42
Skopkova, Véra, 25
Stowinski, Roman, 41

Sung, Shao-Chin, 3, 12, 13
Svancara, Jiff, 25

T

Takahashi, Natsumi, 3, 12
Tanaka, Masaya, 13
Tomaskova, Hana, 14, 43
Torisu, Issei, 53

A%
Valasek, Radek, 58
Vlach, Milan, 1

Y
Yamaguchi, Maho, 88
Yamamoto, Hisashi, 12

Czech-Japan Seminar 2018



	A_1_1_Abstract_milanVlach_Kamakura-abstract
	A_1_2_Abstract_naoyaMakiishi_CJS2018-abstract
	A_1_3_Paper_ondrejCepek_clanek
	A_1_4_Abstract_natsumiTakahashi_CJS2018-abstractTakahashi
	A_2_1_Abstract_masayaTanaka_abstract_tana
	A_2_2_Paper_daliborCimr_Analysis_of_firing_element_positioning_in_air_defense_simulation
	A_2_3_Paper_yoshifumiKusunoki_CJS2018-abstract-kusunoki
	A_2_4_Paper_romanBartak_CJS2018-abstract
	A_3_1_Abstract_masahiroInuiguchi_CJS2018_abst_inu
	A_3_2_Paper_milanDaniel_CJS_2018___Hidden_Conflict_of_Belief_Functions(1)
	A_3_3_Abstract_yujiMukai_CJS2018-abstract-mukai
	A_4_1_Abstract_CJS2018_P.Sariddichainunta_M.Inuiguchi
	A_4_2_Paper_ondrejDolezal_CJS2018_Dolezal, Tomaskova
	A_4_3_Abstract_isseiTorisu_CJS2018_torisu_last
	B_1_1_Paper_hiroakiIshii_CJS2018-paper-template
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	B_3_2_Abstract_mahoYamaguchi_CJS2018_abst_maho_yamaguchi
	B_3_3_Paper_radimJirousek_CJS2018-version01-rj
	B_3_4_Abstract_tomoharuNakashima_CJS2018_abstract_nakashima



